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We predict the differential cross sections for e−p and e+ p elastic scattering in the PRad-II energy 
region. The prediction is based on form factors obtained in our previous high-precision analysis of 
space- and time-like data from dispersion theory and different sets of two-photon exchange corrections. 
We investigate the sensitivity of the cross sections to two-photon exchange effects and find that the 
differences between model calculations and phenomenological extractions of two-photon corrections can 
not be resolved if the uncertainty in the form factors is taken into account.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The nucleon form factors (NFFs) are defined as the coefficients 
of the two independent Dirac structures in the general form of 
the electromagnetic γ N N vertex function. The electric and mag-
netic Sachs form factors G E and G M are scalar functions of the 
four-momentum transfer Q 2 of the photon and encapsulate the 
structure of the nucleon as seen by an electromagnetic probe. 
The first experimental measurement of NFFs was carried out by 
Hofstadter and collaborators at the Stanford High Energy Physics 
Laboratory in 1953 [1,2]. The understanding of electromagnetic nu-
cleon structure was further refined with the advent of continuous 
beam electron facilities such as MAMI and Jefferson Lab in the 
1980’s. At low momentum transfers this line of investigations ap-
peared to be complete at the end of the last century. However, 
a renaissance of the NFF studies in the 2000’s was triggered by 
the emergence of the so-called proton radius puzzle, based on the 
precise measurement of the Lamb shift in muonic hydrogen, which 
led to the determination of the proton charge radius at an unprece-
dented precision, r P

E = 0.8484(67) fm [3,4]. This value differed by 
5σ from the CODATA value at that time [5], which was based on 
electron scattering experiments and measurements of the Lamb 
shift in ordinary hydrogen. For recent reviews of the NFFs see, e.g., 
Refs. [6–8].

* Corresponding author.
E-mail addresses: yonghui@hiskp.uni-bonn.de (Y.-H. Lin), 

hans-werner.hammer@physik.tu-darmstadt.de (H.-W. Hammer), 
meissner@hiskp.uni-bonn.de (U.-G. Meißner).
https://doi.org/10.1016/j.physletb.2022.136981
0370-2693/© 2022 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
The charge radius of the proton is defined as the derivative of 
its electric form factor at zero momenta transfer, that is, 〈(rE

p )2〉 =
−6dG p

E/dQ 2(Q 2 = 0) [9]. This makes the first-principle calcula-
tion from Quantum Chromodynamics (QCD) very difficult due to 
the non-perturbative nature of QCD in the low-energy region. In 
lattice QCD, disconnected contributions to the isoscalar form fac-
tors have proven to be a persistent challenge. See, e.g., Ref. [10]
for the state of the art of lattice QCD calculations. A dispersion 
theoretical approach was proposed to analyze the electromagnetic 
structure of the nucleon at the very beginning of experimental 
investigations [11–13], which includes all constraints from unitar-
ity, analyticity and crossing symmetry. It was further developed in 
subsequent works [14,15] to include new experimental data and 
to be consistent with the strictures from perturbative QCD at very 
large momentum transfer [16]. An important recent development 
is the improved determination of the isovector spectral functions 
from the two-pion continuum [17], based on an analysis of the 
Roy-Steiner equations for pion-nucleon scattering [18]. A compre-
hensive review of the state of the art of dispersive analyses of the 
nucleon electromagnetic form factors is given in Ref. [19]. The pro-
ton radius obtained in such analyses agrees well with the “small” 
proton charge radius from muonic hydrogen and is quite robust. It 
has remained around the value 〈(rE

p )2〉1/2 � 0.84 fm since Höhler 
and collaborators pioneering work in the 1970’s [13] despite many 
new experimental measurements and thus predates the muonic 
hydrogen experiments, see e.g. Ref. [20] for a discussion of the his-
tory.

Very recently, a comprehensive analysis of all latest e− p elas-
tic scattering (space-like, Q 2 > 0) and e+e− → N N̄ annihilation 
(time-like, Q 2 < 0) data was performed in Ref. [21] within the 
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dispersion theoretical framework. In the space-like region, the mo-
mentum transfer range Q 2 = 0.000215-0.977 (GeV/c)2 is covered, 
which consists mainly of the cross section data from MAMI-C [22]
and PRad [23]. In the time-like region it includes data in the region 
|Q 2| = 3.52-20.25 (GeV/c)2 that is mainly composed of the effec-
tive form factor data from BESIII [24,25] and BaBar [26].1 A set of 
nucleon form factors that describes all existing experimental data 
both in the space- and time-like regions over the full range of mo-
mentum transfers was obtained. In addition, the extracted form 
factors are also consistent with the measurements of Lamb shift 
and hyperfine splittings in muonic hydrogen as discussed in [21]. 
Starting from this set of NFFs, one can predict the electromagnetic 
properties of nuclei and experimental cross sections that will be 
be measured in the future.

Recently, two upgraded projects based on the PRad setup for 
the e− p and e+ p elastic scattering were proposed in Refs. [27] and 
[28], respectively. The former is also called PRad-II. In this work, 
we calculate the differential cross sections for the e− p and e+ p
elastic scattering in the energy region where the PRad-II experi-
ment will run based on the high-precision nucleon form factors 
obtained in Ref. [21]. The results serve as predictions for the up-
coming PRad-II and e+ p scattering measurements.

2. Formalism

Here, we briefly summarize the underlying formalism, which 
is detailed in Ref. [15,29,19]. When working with the one-photon-
exchange assumption, the differential cross section for e− p scatter-
ing can be expressed through the Sachs form factors G E and G M

as
dσ1γ

d�
=

(
dσ

d�

)
Mott

τ

ε(1 + τ )

[
G2

M(Q 2) + ε

τ
G2

E(Q 2)
]

, (1)

where ε = [1 +2(1 +τ ) tan2(θ/2)]−1 is the virtual photon polariza-
tion, θ is the electron scattering angle in the laboratory frame, τ =
Q 2/4m2

N , with Q 2 > 0 the four-momentum transfer squared and 
mN the nucleon mass. It is well known as the Rosenbluth formula. 
Moreover, (dσ/d�)Mott is the Mott cross section, which describes 
scattering off a point-like spin-1/2 particle. To be compatible with 
the experimental data, the theoretical calculation must go beyond 
the one-photon approximation and in principle should consider 
all higher order corrections which are not negligible at the ac-
curacy of experiments. However, these corrections, mainly com-
posed of the radiative corrections, have usually been subtracted 
when the experiments present their measurements. The major-
ity of them are estimated with the model-independent formal-
ism which been widely investigated in the literature [30–35]. In 
contrast, the two-photon-exchange (TPE) contribution [36], which 
contains a relatively large uncertainty due to its model-dependent 
nature, is treated differently in various experiments. For example, 
MAMI-C uses a combination of the soft-photon limit [37,31] and 
a two-parameter empirical parametrization to account for the TPE 
correction, while a dispersive formalism [38,39] is used in the PRad 
experiment. In the present work, the differential cross sections 
of e± p scattering are calculated in the one-photon approximation 
Eq. (1) and TPE corrections are applied. The sensitivity of the cross 
section to different sets of TPE corrections is investigated.

The leading TPE contribution is given by the interference be-
tween the one-photon and two-photon exchange amplitudes, M1γ

and M2γ , respectively. It can be accounted for by including a 
modifying factor in Eq. (1). In the case of e− p scattering, the cross 
section including two-photon corrections can be written as

1 Only the data basis covering the main energy range are listed here. The full data 
basis used in that comprehensive analysis can be found in Ref. [21].
2

(
dσcorr

d�

)
e− p

= dσ1γ

d�
(1 + δ2γ ) ,

δ2γ = 2Re(M∗
1γM2γ )

|M1γ |2 (1 +O(α)) . (2)

For the two-photon exchange amplitude M2γ , we adopt the calcu-
lations of Refs. [29,19]. The box and crossed box diagrams are eval-
uated in the framework of a hadronic model with both the nucleon 
and 
-resonance contributions included [29]. The update made in 
the present work refers to the one-photon amplitude M1γ where 
the latest dispersive NFFs from Ref. [21] are used. This set of TPE 
corrections is representative for such model calculations and other 
calculations give consistent results [36].

The energy parameters of PRad-II are taken from the pro-
posal [27]: three incident electron beams with energy Ee = 0.7, 
1.4, 2.1 GeV at very small scattering angles θe from 0.5

◦
to 7

◦
, 

corresponding to Q 2 = 4 × 10−5 to 6 × 10−2 (GeV/c)2. This new 
experiment is designed to achieve a factor of 3.8 reduction in the 
overall experimental uncertainties of the extracted proton radius 
compared to PRad. With such an improvement of precision, it is 
expected to address possible systematic difference between the 
radius from e− p and μ H measurements. The proposed e+ p scat-
tering would use the same setup as the PRad-II experiment [28]. 
The cross section of e+ p scattering is exactly same as that of e− p, 
except that the factor (1 + δ2γ ) in Eq. (2) must be changed to 
(1 − δ2γ ).

3. Results

Now let us move to the differential cross sections. For easier 
comparison with PRad [23] and the PRad-II proposal [27], we cal-
culate the reduced cross section σreduced defined as

σreduced ≡
(

dσ

d�

)
ep

×
[(

dσ

d�

)
Mott

E ′/E

1 + τ

]−1

= E

εE ′
[
τ G2

M(Q 2) + εG2
E(Q 2)

]
, (3)

where E and E ′ are the incoming and outgoing electron energies 
in the laboratory frame. In Fig. 1, we show σreduced in the en-
ergy regions probed by PRad and PRad-II. Although there is a large 
overlap in the energy region measured in the PRad-II and PRad ex-
periments evident in Fig. 1, the uncertainty reduction and lower 
Q 2 extension proposed in PRad-II are extremely important for the 
extraction of the proton radius.

The difference in the reduced cross sections for e+ p and e− p
scattering for the 0.7, 1.4, and 2.1 GeV energy beams is shown 
in Fig. 2. It is only due to TPE effects and thus rather small. Fur-
thermore, we investigate the effect of TPE corrections on the pre-
dicted differential cross sections in detail. Two different schemes 
for TPE corrections, the box-graph model from Refs. [29,19], which 
is representative for hadronic model calculations of TPE, and the 
phenomenological parametrization from Bernauer et al. [22] are 
compared in Fig. 3 as a function of the scattering angle θ . The cross 
sections are normalized to ones calculated using the dipole Sachs 
FFs to make the deviation among various TPE corrections trans-
parent. Within the uncertainties of the NFFs, the cross sections 
with the box-graph model TPE are in agreement with those cal-
culated by the parametrization obtained in Ref. [22].2 The largest 
deviations occur for larger angles corresponding to the higher Q 2-
range as expected. It turns out that the uncertainty emerging from 

2 In principle, the uncertainties in the NFFs should also enter the box-graph TPE 
calculation as discussed in Sec. 2. However, the magnitude of the uncertainty in the 
TPE correction is a second order effect and thus quite small.
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Fig. 1. Reduced cross section σreduced in the energies regions probed by PRad and PRad-II. The PRad data [23] is shown for comparison by the red solid circles (1.1 GeV data) 
and blue solid squares (2.2 GeV data). The red and blue dashed lines show our corresponding results for PRad. The red, green and blue solid lines are our predictions for the 
0.7, 1.4 and 2.1 GeV energy beams of PRad-II, respectively.

Fig. 2. Reduced cross section σreduced for the PRad-II (solid) and positron-proton scattering (dashed) experiments. The red, green and blue color represent the results for the 
0.7, 1.4 and 2.1 GeV energy beams.
the model-dependent TPE corrections becomes a secondary effect 
when it is compared with the NFF uncertainties in the PRad-II en-
ergy region. The high-precision data from PRad-II thus will provide 
strong constraints on the nucleon form factors and help us improve 
the precision of our dispersive NFFs in Ref. [21].

Another interesting issue that the positron-proton scattering ex-
periment would address is the ratio of cross sections for e+ p and 
e− p scattering. It will give direct access to the TPE corrections. This 
can be seen clearly from Fig. 3, where the sign of the deviation be-
tween two different TPE calculations is opposite for the e− p and 
3

e+ p scattering processes. This implies a large effect in the ratio of 
cross sections. We will come back to this issue in a future study 
(see also Ref. [36] for a recent review).

4. Summary

In this paper, we present a prediction for the differential cross 
sections for the upcoming PRad-II and positron-proton scattering 
experiments based on the dispersive nucleon form factors obtained 
in Ref. [21]. Moreover, the effect of two-photon-exchange correc-
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Fig. 3. Differential cross sections normalized to the cross section for dipole Sachs FFs for the PRad-II (left panel) and e+ p scattering (right panel) experiments. The red, green, 
and blue solid lines are the results with the box-graph TPE for the 0.7, 1.4 and 2.1 GeV energy beams, respectively. The corresponding dashed lines show the results with 
the phenomenological TPE from Bernauer et al. [22]. The uncertainties from the NFFs are presented as the shaded bands.
tions is also discussed. We find that the uncertainty caused by the 
model-dependent nature of TPE corrections is a secondary con-
tribution when compared to the uncertainties in the NFFs errors 
for the PRad-II setup. The high-precision PRad-II data will provide 
strong constraints on the nucleon form factors and improve our 
knowledge of the electromagnetic structure of the nucleon. Finally, 
the theoretical uncertainties of the two-photon-exchange correc-
tions need to be investigated further together with the positron-
proton scattering data that will be available in the near future.
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