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The huge axial ratio of super-tetragonal perovskites can induce large polarization due to the coupling between
the unit cell and ion displacements, which often results in higher Curie temperature or better ferroelectric prop-
erties. With the progress of vertical strain engineering, experimentally available super-tetragonal PbTiO3 raises
much interest in the relation between its intrinsic polarization and structural characteristics, such as the axial
ratio and ion displacements that can be obtained with a high-resolution (scanning) transmission electron micro-
scope nowadays. However, the interpretation and use of such obtained structural information are not without
peril. Here, employing first-principles calculation, we report on the relationship between the polarization and
the structural information for super-tetragonal PbTiO3. Our investigation shows that, unlike normal PbTiO3,
the strong sublinear correlation raises difficulty to quantitatively estimate the spontaneous polarization for the
axial ratio larger than 1.15. In addition, the relative displacement between cations (i.e., Pb and Ti) proves to
be an unsuitable structural parameter to determine the spontaneous polarization, emphasizing the importance of
obtaining the positions of anions, albeit presumably more difficult, along with cations.

I. INTRODUCTION

Perovskites with the general formula ABO3 have rich prop-
erties, such as ferroelectricity, piezoelectricity, superconduc-
tivity and pyroelectricity, which can be employed in micro-
electromechanical systems, solar cells, and photodetectors
[1–5]. Ferroelectric perovskites have played important roles
in the fields of electronic transducers, pyroelectric sensors,
film capacitors, actuators, non-linear optical devices and non-
volatile memories due to their excellent performance [6–12].
The intrinsic spontaneous polarization that arises from the dis-
placements of ions, which is probably the most important fea-
ture of a ferroelectric perovskite, depends on its structural in-
formation, such as the axial ratio c/a and/or the off-center ion
displacements, constituting a typical structure-property prob-
lem that requires both experimental and theoretical investiga-
tions [13–19].

While closely related, the polarization and structural infor-
mation of a given system are usually obtained with differ-
ent experimental setups, for instance, the electric hysteresis
loop and x-ray diffraction (XRD) or high-resolution (scan-
ning) transmission electron microscope (HR(S)TEM), respec-
tively [20–26]. The link between the two rather independent
experimental investigations, however, is not as strong as one
may have expected. The standard empirical relation

PS =κ∆z, (1)

which is often used to predict the dipoles on each unit cell [23,
24, 27], was first derived from five displacive ferroelectrics
in 1968 [28], not extensively examined afterwards with first-
principles calculations.
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In recent years, as aberration-corrected HR(S)TEM can ac-
curately map ion displacements on the subatomic scale [29–
32], the relation shown in Eq. (1) grows more important
as it enables the direct estimation of the polarization from
HR(S)TEM images. One advantage of this approach lies in
its ability to extract the polarization induced by intrinsic ef-
fects (i.e., ion displacement and unit cell deformation), rather
than that caused by extrinsic effects (e.g. space charge). Such
a distinction can be crucial for many applications such as en-
ergy storage using ferroelectric materials [33, 34]. However,
for HR(S)TEM experiments, the application of Eq. (1) also
involves some interesting subtlety, that is, how to determine
∆z from HR(S)TEM images. For the perovskite ABO3, there
are at least two choices: (i) ∆z is defined as the displacement
of the B atom relative to the center of its 8 neighboring A-
site atoms [35] (usually only 4 can be seen in a HR(S)TEM
image); (ii) ∆z is defined as the displacement of the B atom
relative to its enclosing oxygen octahedron [23, 24, 27]. The
first choice is popular since all the cations can be seen under
the high angle annular dark field (HAADF) imaging condition
(see Sec. II B). The second choice requires techniques, such
as negative spherical-aberration (Cs) imaging (NCSI) [29] and
annular bright field (ABF) imaging [36], to see the anions (i.e.,
oxygens for PbTiO3). We find that first-principles calcula-
tion can help understand which one is a better choice. While
the relative displacements between cations provide important
structural information, our investigation shows that imaging
anions is also critical to quantitatively predict the dipoles on
each unit cell and, consequently, the macroscopic polariza-
tion, for super-tetragonal perovskites.

Also in recent years, vertical strain engineering via interfa-
cial coupling between different components have emerged as
an important perovskite growth technique. Vertically aligned
and strained systems have been developed [37, 38] and super-
tetragonal PbTiO3 were observed [27, 39, 40]. Such experi-
mental progress with super-tetragonal perovskites casts some
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doubt on Eq. (1) as the linear relation may be invalidated for
huge axial ratio, where the correlation between spontaneous
polarization and the structural information need further inves-
tigation.

It is clearly that addressing the aforementioned problems
will help better utilize HR(S)TEM images to predict the prop-
erties of ferroelectric perovskites. To resolve these issues ad-
equately, we hope to achieve three goals in this work. First,
we will examine and establish the relation between sponta-
neous polarization and structural information, which includes
both the axial ratio and ion displacements. We will focus on
PbTiO3 since vertical strain engineering has been realized for
it [27, 39, 40], therefore, the huge axial ratio requires a revisit
of the linear relation assumption as shown in Eq. (1). Second,
we will clarify how the ion displacement ∆z shall be defined
and used. With HAADF images, the relative displacements
between cations can be obtained [35, 39]. For PbTiO3 it is

PS =κΔTi-Pb, (2)

where ΔTi-Pb is the Ti shift with respect to the center of the
enclosing Pb atoms. On the other hand, an alternative link
between the spontaneous polarization and the off-center ion
displacements is given by [28]

PS =κΔTi-O, (3)

where ∆Ti-O is the Ti atom off-center displacements with re-
spect to O atoms, and κ equals to 2580

(
µC/cm2

)
/nm for

PbTiO3. This is also the formula used to estimate the po-
larization from aberration-corrected HR(S)TEM images [27].
We will investigate the subtle difference between these two
formulas. Third, we will compare first-principles calculation
results to available experimental findings in order to establish
quantitative relations between the polarization and the axial
ratio [16, 17] as well as the displacements ΔTi-O and ΔTi-Pb
[28], in particular, extending the strain range to cover super-
tetragonal PbTiO3. Moreover, since the PbTiO3 under huge
vertical strain will break and become a layered structure at
some point, the increase of the axial ratio cannot increase the
polarization of PbTiO3 indefinitely. Our first-principles cal-
culations will find how large the intrinsic polarization can be
for PbTiO3 at a given epitaxial strain.

This paper is organized as follows. In Sec. II, we will dis-
cuss the fabrication, HR(S)TEM imaging, and first-principles
calculations of super-tetragonal PbTiO3. In particular, we will
discuss details of the first-principles calculations in this sec-
tion. In Sec. III, we will show the first-principles calculation
results concerning the correlation between the spontaneous
polarization and various structural information, and discuss
their implications. Finally, in Sec. IV, we provide a brief con-
clusion.

II. METHODS

As a typical ferroelectric material, PbTiO3 has excellent
properties including high Curie temperature, high thermoelec-
tric coefficient, and large polarization (~75µC/cm2) [41, 42].

Surpassing the large tetragonality of bulk PbTiO3 (c/a '
1.06) [43], super-tetragonal PbTiO3 with even larger c/a was
achieved in recent years. In this section, we will discuss three
aspects relating to the fabrication, HR(S)TEM imaging, and
first-principles calculation of super-tetragonal PbTiO3.

A. Fabrication

Super-tetragonal PbTiO3 with large c/a was first reported
to exist in PTO-PbO nanocomposite thin films, which were
epitaxially grown on the LaAlO3 substrate [44, 45]. In 2018,
Zhang et al [39] proposed a new “phase-to-phase strain” strat-
egy and achieved huge polarization on the ultra-tetragonal
film. Using two materials with similar lattice structure, differ-
ent lattice parameters are matched on the grain boundary dur-
ing the epitaxial growth using simple radio-frequency mag-
netron sputtering, generating isotropic strains between the ma-
terials and introducing high negative pressure on PbTiO3 to
achieve huge polarization. The lattice parameters of the thin
films (a = 0.3923 nm, c = 0.4857 nm) were measured by
XRD and x-ray reciprocal space mappings (RSMs).

In a more recent experimental work [40], a pulsed laser
deposition (PLD) system was used to grow an epitaxial film
with two layers of PbTiO3/LaSrMnO3 (LSMO) on a (001) ori-
ented SrTiO3 substrate. The self-assembled nanocomposite
film contains nanoscale PbTiO3 columnar grains surrounded
by the matrix of the PbO structure. The structural parameters,
crystalline quality and orientation relationship of the multi-
layer films were characterized by high-resolution XRD with
all the layers showing a cubic-on-cubic relationship with the
SrTiO3 substrate. In a related work, the NCSI technique pro-
vides more structural information of the vertically strained
PbTiO3 [27], where the measured a- and c-lattice constants
of the PbTiO3 film are 0.384 nm and 0.469 nm, respectively,
resulting in a c/a = 1.221. It is also found that the aver-
age off-center displacement of Ti relative to the O atoms is
0.052 nm.

B. HR(S)TEM

In practice, several HR(S)TEM techniques can be used
to investigate the dipole/polarization in a super-tetragonal
PbTiO3. For instance, HAADF technique can be used di-
rectly to image cations. Under the HADDF imaging condi-
tions, the atomic column intensity is approximately propor-
tional to Z2, where Z is the atomic number averaged along
the atom columns [46]. Therefore, HAADF is also called Z-
contrast image, which can be used to distinguish different el-
ements [47–50]. The Z-contrast image changes slowly and
smoothly with the specimen thickness and the defocus of the
objective lens [51]. Unfortunately, oxygen columns in PTO
cannot be imaged under HAADF imaging conditions due to
the fact that the Z of oxygen atom is too low in comparison to
the surrounding Pb atoms. On the other hand, ABF technique
can work as an imaging mode to supplement HAADF with its
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ability to image light elements such as oxygen, nitrogen, and
lithium [36].

For thin specimen, using the NCSI technique, all atomic
positions are visible (including oxygen) and the position of
each atom can be measured sensitively with a precision of
picometer [52, 53]. The powerful NCSI technique has en-
abled the studies of atomic displacements, defects and surface
structures. Therefore, in principle, for PbTiO3, HAADF can
provide ΔTi-Pb and c/a, while NCSI and ABF can provide
the extra ΔTi-O. After that, the dipoles on each unit cell or
the macroscopic spontaneous polarization PS can be calcu-
lated using the measured atomic shifts, employing the effec-
tive charges of the ions [54] or the empirical relation in Eq.
(1).

C. First-principles calculation

The opportunity with super-tetragonal PbTiO3 has attracted
much attention in the hope to achieve super properties, such
as a super large polarization [55–57]. From a theoretical point
of view, it is important to know how the polarization is corre-
lated with structural information, including the tetragonality
and the off-center displacements, which can be extracted from
HR(S)TEM images. For instance, using Eq. (3), the polariza-
tion for ΔTi-O = 0.052 nm and κ = 2580

(
µC/cm2

)
/nm is

estimated to be 134µC/cm2[27]. First-principles calculation
will help determine if the linear dependence of the polariza-
tion on the ionic displacements fails at huge c/a [28].

ΔTi-O

(a) (b)

dTi

dO

Ti

O

Pb

Figure 1. The structure of PbTiO3 with the lattice parameters a =
b = 0.385 nm and c = 0.475 nm. (a) The initial tetragonal phase
structures have different c-axis lattice constant. (b) After relaxation,
the displacement between the center Ti and the surrounding oxygen
atoms can be clearly seen.

In the past, first-principles calculations have focused on the
low to medium c/a values, mostly around 1.06, in order to
compare with experimental results [58, 59]. As strain engi-
neering can tune the properties of PbTiO3 [60], it was found
that when the average c/a increases (c/a ' 1.09, 1.10, 1.11),
the calculated spontaneous polarization increases as well ( the
values are 80, 90, 100µC/cm2) [61, 62]. In this work, in
the first-principles calculations, we choose the in-plane lattice
constant of the PbTiO3 to be 0.385 nm to mimic the in-plane
constraint, and change the c-axis from 0.385 to 0.560 nm to
explore the effects of the vertical strain [61, 62].

The strained PbTiO3 is then relaxed to optimize the ion po-
sitions. Figure 1 shows one of the structures used in our cal-
culations, which has an axial ratio c/a = 1.234. Figure 1(a)
shows the initial setup of the tetragonal phase PbTiO3 with
the lattice parameters a = b = 0.385 nm and c = 0.475 nm
and Fig. 1(b) shows the structure after the relaxation of ion
positions. From first-principles calculations, we can obtain
∆Ti-O = |dTi − d̄O| or ∆Ti-Pb =

∣∣dTi − d̄Pb
∣∣ using the opti-

mized ion positions where dTi represents the displacement of
the Ti atom along the c-axis, and d̄O (d̄Pb) represents the av-
erage displacement of the enclosing O (Pb) atoms along the
c-axis. In aberration-corrected HR(S)TEM images, ∆Ti-O and
∆Ti-Pb can be determined by measuring the positions of the
intensity peaks corresponding to the atomic columns.

The first-principles calculations are carried out using
GPAW [63] and ABINIT [64] with the Perdew-Burke-
Ernzerhof (PBE) exchange-correlation functional [65]. An
energy cutoff of 750 eV and a 4×4×4 mesh for the Brillouin-
zone integration are used to ensure the convergence. Struc-
tural relaxations are performed until all the forces on the
atoms are less than 0.005 eV/Å. The polarization of each re-
laxed configuration is obtained with the Berry phase approach
[66]. As an alternative, using GPAW, we have also obtained
the Born effective charge (BEC), which are then used to cal-
culate the polarization along the c-axis with the formula [67],

PS = Pz =
1

V

∑
i

Z∗
i,zµi,z, (4)

where spontaneous polarization (PS) is along the c-axis (Pz).
In the above equation, V is the volume of the unit cell, Z∗

i is
the BEC and µi refers to the displacement of the ion i (i is the
index of ions in one unit cell).

III. RESULTS AND DISCUSSION

When the positions of Pb and Ti are determined from
aberration-corrected HR(S)TEM images, the axial ratio and
∆Ti-Pb can be determined. The ABF or NCSI can also see
the positions of oxygen atoms, therefore determining ∆Ti-O.
As a HR(S)TEM experiment can obtain the dipoles on each
unit cell, it provides information about large-scale dipole pat-
terns, such as domains and domain boundaries [24, 68], or the
macroscopic polarization. In order to quantitatively determine
the dipole or the polarization, it is necessary to employ first-
principles calculation to understand how the axial ratio and
∆Ti-O (∆Ti-Pb) are connected to the polarization. Moreover,
we will also discuss the relation between ∆Ti-O and ∆Ti-Pb to
emphasize the importance of obtaining the oxygen positions
from HR(S)TEM images.

A. c/a

We first check how the polarization and the relative ion dis-
placement between Ti and O (∆Ti-O ) depend on the axial ra-
tio c/a. Figure 2(a) shows the polarization of the PbTiO3 as
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Figure 2. (a) The relationship between the polarization of PbTiO3 versus the axial ratio c/a shows a strong nonlinear feature. The purple
dotted line is directly calculated with GPAW; the green dotted line is obtained by first calculating the BEC with GPAW, and then use Eq.
(4) to calculate the polarization; the blue dotted line represents the polarization calculated with ABINIT. Other known values from literature,
including the value for the bulk, are also shown in this plot as symbols. (b)The relationship between polarization and c/a− 1 of PbTiO3. (c)
The relationship between off-center displacement of Ti atoms in PbTiO3 and PZT structures and c/a. The data indicated by blue with error
bars[23, 24] and green star[27] are from experiments. The red circle is obtained through the optimized structure by GPAW. (d) Curve fitting of
the correlation between the relative displacement of Ti-O and c/a− 1.

a function of the axial ratio while the in-plane lattice constant
is fixed to a = 0.385 nm. There are three lines in this plot: (i)
The purple dotted line with circles is directly calculated with
GPAW; (ii) The blue dotted line with triangles is obtained with
ABINIT; (iii) The green dotted line with diamonds is obtained
using the BEC and ion displacements (see below). The first
two results are obtained with the Berry phase approach while
the third one need to calculate the BEC first. The third one
shows slightly larger values when c/a > 1.2, which is less
accurate since the BECs relate to the first order derivative of
the PS-versus-displacement curves [69–71]. In general, the
three sets of results agree very well.

Table I. Calculation results of PbTiO3 structure in different work.

References c/a Polarization (µC/cm2)
VASP [72] 1.240 125.5

VASP(LDA) [73] 1.046 79
PWSCF [74] 1.041 77

Bulk PbTiO3 [43] 1.06 75

Figure 2(a) also contains four scattered points that are from
literature with details shown in Tab. I, which have used either
PBE [43, 72] or LDA [73, 74]. The overall agreement between
our results and the others are very good. In addition, Fig. 2(a)
also shows that the dependence of the polarization on c/a is

strongly nonlinear.
From the Landau-Ginzburg-Devonshire (LGD) theory [13,

40, 75–77], it is known that P 2 is linearly dependent on c/a.
However, Fig. 2(b) shows that, for PbTiO3, the linear depen-
dence is no longer valid when c/a & 1.15. In this plot, the
blue squares are obtained using ABINIT and the purple dot-
ted line represents a linear fitting for the region of small axial
ratio. We can see that the polarization for c/a < 1.15, P 2

is indeed proportional to the c/a as P 2 ' K (c/a− 1) [16]
where K = 84621 (µC/cm2)2. This linear relation between
P 2 and c/a eventually breaks down at large c/a, making it
more difficult to directly predict the polarization from the ax-
ial ratio.

Since a HR(S)TEM image reveals many slightly different
unit cells, it can be used to map the axial ratio to the ion
displacement for each unit cell, therefore providing a statis-
tical relation for the two variables. Figure 2(c) compares ex-
perimentally obtained [23, 24, 27] ∆Ti-O versus c/a to first-
principles calculation results. Most of the experimental re-
sults are around the axial ratio of bulk PbTiO3 (c/a < 1.1)
with one exception [27]. The experimental values and first-
principles calculation results are superimposed on Fig. 2(c),
which clearly shows their consistency over the whole range
of c/a. For the super-tetragonal case (indicated by the green
star), c/a ' 1.22 (c = 0.469 nm), it was found that ∆Ti-O =
0.0516 nm from first-principles calculations, agreeing quite
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well with the corresponding experimental value (0.052 nm)
[27]. It can be seen that ∆Ti-O is not linearly dependent on
c/a either. In fact, the dependence can be fitted by

∆Ti-O =α
( c
a
− 1
)1/2

+ β
( c
a
− 1
)3/2

, (5)

as shown in Fig. 2(d), where α = 0.11984 nm, β =
−0.04505 nm.
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Figure 3. (a) BECs and (b) relative displacement of each atom of
PbTiO3 structure under different c/a. Here, O1 refers to the two O
ions at the upper and lower vertices of the oxygen octahedron and O2

refers to the other four O ions.

In addition to the direct Berry phase method [66], in order
to estimate the dipoles on each unit cell, one can multiply the
ion displacements by the BEC, which is the first order deriva-
tive of polarization with respect to ion displacement. Figure
3 shows how these two quantities, both of which are obtained
with GPAW, evolve with the axial ratio.

Figure 3(a) shows that the BECs decrease in magnitude
with the increasing axial ratio. In particular, the effective
charge Z∗

Ti changes from ~7 to ~4 when c/a increases from
1 to 1.45. This change likely arises as the charge transfer be-
tween anions and cations becomes smaller when the ions get
farther away from each other. A comprehensive discussion on
BECs can be found in Ref. [78] and similar trends have also
been reported in PbTiO3 films and superlattices under small
strains [79, 80].

Figure 3(b) shows that the ion displacements increase with
c/a and the cations (Pb and Ti) shifts in the opposite direction
to the anions (O). More importantly, this plot also indicates
that ∆Ti-O and ∆Ti-Pb have the opposite sign, which shall be
heeded when ∆Ti-Pb is used to find the direction of dipoles in a

HR(S)TEM image. This is a tricky issue because, for instance,
∆Ti-O and ∆Ti-Ba have the same sign for BaTiO3 [81], unlike
PbTiO3.
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Figure 4. The relationship between polarization calculated based on
LGD theory and c/a. The red dot is the value calculated by LGD the-
ory, and the blue triangle is the polarization calculated by ABINIT.

We note that the ferroelectric polarization had also been es-
timated using a more complex formula from the LGD theory
[40, 76, 77],

Ps =

[
xs − 2s12xm/ (s11 + s12)

Q11 − 2s12Q12 (s11 + s12)

]1/2
, (6)

where a and c are the in-plane and out-of-plane lattice con-
stant, ap is the lattice constant of the paraelectric cubic phase
extrapolated to room temperature [82], xs = (c−ap)/ap, and
xm = (a− ap)/ap. In addition, sij is the elastic compliance,
Qij is the electrostrictive coefficient. The values of these pa-
rameters for PbTiO3 can be found in Ref. [83]. Substituting
different c values into the above equation, we find the corre-
sponding PS , shown in Fig. 4, indicating that, except around
the c/a of bulk PbTiO3 (~1.06), Eq. (6) overestimates the po-
larization by a large margin.

B. ∆Ti-O and ∆Ti-Pb

While the axial ratio can be obtained from HR(S)TEM im-
ages, results in Sec. III A indicate that it does not provide the
best structural information to quantitatively predict the polar-
ization and a linear relation will be preferred. As discussed
in Sec. II B, under the NCSI imaging condition, the relative
displacement between the B site atoms and the surrounding
oxygen octahedron (∆Ti-O) can also be obtained in addition
to c/a and ∆Ti-Pb. In this section, we examine the relation
between the polarization and ∆Ti-O/∆Ti-Pb.

The linear increase of the polarization with ∆Ti-O, as shown
Fig. 5, stops at P ' 100µC/cm2 (or c/a ' 1.13) when
it becomes sublinear. The fitting of the linear part agrees
very well with the empirical formula PS = κ∆Ti-O with the
slope κ = 2580

(
µC/cm2

)
/nm close to the originally re-

ported value (2510±70)
(
µC/cm2

)
/nm [28]. This result ex-
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value (using the empirical relation Eq. (3) ) obtained in the experi-
ment [27].

plains why ∆Ti-O (or ∆Fe-O) has been often used to estimate
dipoles in Pb(Zr,Ti)O3 and BiFeO3 [23, 24, 53, 84].

From HAADF images, ∆Ti-Pb can also be obtained and used
as an alternative to ∆Ti-O. Therefore, it is beneficial to exam-
ine how the polarization changes with it. Figure 6(a) shows
the polarization as a function of ∆Ti-Pb, where the negative
polarization indicates that it is opposite to ∆Ti-Pb. Since the
overall dependence of the polarization on ∆Ti-Pb is highly non-
linear, the polarization of the super-tetragonal PbTiO3 cannot
be accurately obtained by comparing the ∆Ti-Pb in the super-
tetragonal phase to its bulk value (∆Ti-Pb = 0.01 nm, con-
sistent with Ref. [85]) and assuming a linear relation. Figure
6(b) compares ∆Ti-Pb to ∆Ti-O, again showing a strong nonlin-
ear relation. The negative value of ∆Ti-Pb also indicates that it
is opposite to ∆Ti-O.

The above results demonstrate that ∆Ti-Pb and ∆Ti-O are
very different quantities. While PS is almost linearly depen-
dent on ∆Ti-O over the whole range (see Fig. 5), PS’s increase
with ∆Ti-Pb slows down significantly when ∆Ti-Pb is large (see
Fig. 6(a)). Moreover, Fig. 6(c) shows a mostly linear corre-
lation between ∆Ti-Pb and c/a, indicating that ∆Ti-Pb is more
like the axial ratio rather than ∆Ti-O in terms of the structural
information it provides.

C. Discussion

The results in Secs. III A and III B show that the polar-
ization depends nonlinearly on c/a, ∆Ti-Pb, and ΔTi-O for
super-tetragonal PbTiO3. In addition, for small c/a, P 2 (in-
stead of P ) is proportional to c/a − 1 for c/a . 1.15 (see
Fig. 2(b) ), which was first considered by Devonshire [13].
The well known Landau-Devonshire theory constructs a free
energy that includes the coupling between polarization and
strain, P 2η, where η is the vertical strain [13, 75]. The ab-
sence of the linear coupling Pη due to symmetry arguments
leads to a linear correlation between P 2 and η (or c/a) for
small tetragonality. The interplay between the etragonality,
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Figure 6. (a) The relationship between polarization and ∆Ti-Pb. (b)
The relationship between ∆Ti-Pb and ∆Ti-O. (c) The relationship be-
tween ∆Ti-Pb and c/a.

ion displacements, and polarization has also been investigated
later [18].

For small tetragonality, we have so far found three linear
relations: (i) P 2 linearly depends on c/a [see Fig. 2(b)]; (ii) P
linearly depends on ∆Ti-Pb [see Fig. 6(a)]; and (iii) P linearly
depends on ∆Ti-O (see Figure 5). However, only the last one
can be extended to large tetragonality without introducing too
much error. In fact, for very large tetragonality (c/a ? 1.15),
these three linear relations are all violated.

Our results indicate that the polarization for super-
tetragonal PbTiO3 cannot be estimated from c/a or ∆Ti-Pb by
assuming a linear dependence. Moreover, the eventual break-
down of the linear relation between the polarization andΔTi-O
is not surprising sinceΔTi-O alone cannot account for the other
factors, such as the displacement of Pb, that can also affect the
polarization. In fact, the robustness of this linear relation up
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to c/a = 1.15 is surprising since the bulk PbTiO3 only has a
c/a ' 1.06.
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The relation between polarization and ∆Ti-O can be im-
proved by examining how the BECs change with ∆Ti-O. Fig-
ure 7(a) shows that Z∗

i (where i can be Pb, Ti, or O) has an
approximate linear dependence on ∆Ti-O, i.e.,

Z∗
i =Z0∗

i + αi∆Ti-O, (7)

where αi is a coefficient depending on the ion type i. The
change of BECs should not come as a surprise because, as
ion displacements increase from their equilibrium positions
(i.e., the bulk state with smaller tetragonality), the ionic bond-
ing becomes weaker, implying less charge transfer between
cations to anions. In addition, previous investigation [81] in-
dicates that the ion displacements in PbTiO3 are linearly cor-
related with respect to P (or equivalently to ∆Ti-O as a first
order approximation according to Fig. 5), i.e.,

di =βi∆Ti-O. (8)

Combining the above two equations, we found that

PS =
∑
i

Z∗
i di

=A∆Ti-O +B (∆Ti-O)
2
, (9)

where A =
∑

i Z
0∗
i βi and B =

∑
i αiβi, which explains

why the polarization linearly depends on ∆Ti-O when its value

is small, but deviation occurs at large ∆Ti-O. This quadratic
equation can fit the PS-versus-∆Ti-O curve very well over the
whole range as shown in Fig. 7(b). Given the analysis on ion
displacements [81], we may conclude that the above relation
is quite general, valid for many ferroelectric and dielectric ma-
terials, including BaTiO3, PbTiO3, and BaZrO3. It constitutes
a useful relation for the analysis of HR(S)TEM images using
relative displacement to predict the polarization.

From Fig. 6, we see that ∆Ti-Pb is not an ideal parame-
ter to estimate the polarization. Strictly speaking, polarization
arises from the separation between cations and anions, the rel-
ative displacement between cations (e.g. ∆Ti-Pb) does not rep-
resent the polarization well. Moreover, as Pb has more room
for displacement than Ti (since Pb is between oxygen octahe-
dra while Ti is inside the octahedron), it can displace much
more than Ti with increasing c/a as evidenced by Fig. 3(b),
resulting in a closer relation between ∆Ti-Pb and c/a (instead
of polarization) as shown in Fig. 6(c).
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Figure 8. (a) The relationship between the polarization of PbTiO3

versus the axial ratio c/a. (b) The layered structure of PbTiO3 when
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into two parts with a PbO surface and a TiO surface and placing them
in a vacuum layer. And the distance of Ti-O is shown by the green
arrow in the figure. (d) The relationship between energy change and
Ti-O distance.

Finally, let us find the maximum intrinsic polarization
of a super-tetragonal PbTiO3 when its in-plane lattice con-
stant is fixed (0.385 nm) and the out-of-plane lattice constant
stretched. Clearly, the polarization in PbTiO3 cannot increase
with c/a indefinitely because, at some point, the ions will be
separated so far away that no charge transfer occurs, result-
ing in null polarization. To this end, we continue the first-
principles calculation of the polarization until c/a = 1.558
with the results shown in Fig. 8(a). We find that the re-
laxed PbTiO3 will break down into layered structures at c/a '
1.455 (or the c-axis lattice constant is at 0.56 nm) as shown
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in Fig. 8(b). As the delamination of the PbTiO3 appears,
the polarization of this system suddenly goes to zero. There-
fore, the intrinsic polarization reaches the maximum value of
PS ' 155µC/cm2. Larger polarization observed in an exper-
iment may come from other contributions.

When the delamination occurs, the distance between the
separated layers is 0.39 nm as shown in Fig. 8(b). To ver-
ify this result, we also obtain the interface bonding energy
by cutting the PbTiO3 into two parts (see Fig. 8(c)) and
varying the distance between them (without structure relax-
ation). The interface bonding energy is calculated with E =
Etot−Epart-1−Epart-2 where Etot represents the total energy of
the entire structure andEpart-1 (Epart-2) represents the energy of
the upper (lower) half of the structure. Figure 8(d) shows the
interface bonding energy is essentially zero at approximately
0.4 nm, implying that the interaction between the two parts is
small and a layered structure starts to form, consistent with
the result shown in Fig. 8(b).

IV. CONCLUSION

Super-tetragonal PbTiO3 has made it necessary to revisit
the linear relation, which is often implicitly assumed, between
the polarization and the structural information. This work

shows that the polarization-versus-c/a (or the relative ion dis-
placement) curve demonstrates a sublinear increase at large
axial ratio, which shall be taken into account to correctly in-
terpret experimental results. We have found that the sublinear
dependence can be ascribed to the decrease of the BECs with
c/a. In addition, the relative displacement between cations,
∆Ti-Pb, behaves more like c/a than the polarization, making
it an improper measure of the polarization. Therefore, for the
analysis based on HR(S)TEM images, it is critical to choose
proper structural information from HR(S)TEM images (ide-
ally the relative displacements between cations and anions,
such as ∆Ti-O) to avoid quantitative inaccuracy or the sign
problem as the polarization and the relative displacements be-
tween cations could be the same or totally opposite in direc-
tion, depending on the material under investigation.
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