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Abstract

In sparsely fractured rocks, the rock matrix is an important geochemical buffer

and provides significant retardation to contaminants advected through the flow-

ing fractures. Accounting for geochemical reactions and mass exchange between

these two regions is key to properly capture the overall buffering capacity and

the related hydrogeochemical evolution of a fractured medium. Reactive trans-

port modelling in these kinds of fractured media is routinely performed using

Equivalent Continuos Porous Media (ECPM) models: i.e. continuum models

based on permeability and porosity fields that somehow preserve the underlying

fracture properties, which are in turn described by companion Discrete Fracture

Network (DFN) models. However, the proper parameterisation of these models,

in terms of mass exchange between fractures and the bordering matrix, is still a

largely unresolved issue. Here, we leverage the Dual Continuum Disconnected

Matrix Model (DCDMM) formulation included in the massively parallel code

PFLOTRAN to propose a novel parameterisation approach that honours the

local volumetric fracture density (P32). The proposed approach is first bench-

marked against a semi-analytical solution with a problem that entails flow and

transport along two different and consecutive fractures. Two demonstrative

large-scale reactive transport problems are also presented and discussed: the

first is related to the generation and migration of radiogenic helium and the
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second assesses the buffering capacity of a realistic fractured medium against

the infiltration of acidic water. The latter simulation, which includes more than

three hundred million transport degrees of freedom is one of the largest sub-

surface reactive transport models ever formulated and solved. This simulation

was made possible by the highly efficient implementation of the DCDMM in

PFLOTRAN, which makes the solution of the secondary continuum equations

embarrasingly parallel.

Keywords: reactive transport modelling, fractured media, Dual-Continuum

Disconnected Matrix Model, Discrete Fracture Network models
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1. Introduction1

In crystalline rocks, fractures are typically sparse and their size is com-2

monly described by power-law relationships (Selroos et al., 2022, and references3

therein), which means that most of these features are in the meter scale while4

larger fractures (> 10 m) are rare. Some of these fractures are hydraulically5

connected and form a network through which dissolved solutes may be trans-6

ported by advection. Solutes may also be exchanged with the rock matrix7

through molecular diffusion (Neretnieks, 1980), wherefore fractured crystalline8

rocks effectively behaves as a dual-porosity system (Bibby, 1981). The rock9

matrix might play an important role as a buffer against hydro-geochemical per-10

turbations (e.g. the infiltration of oxygenated glacial meltwater; Trinchero et al.11

(2017)), and can significantly retard the transport of solutes along flowing frac-12

tures (e.g. radionucles, Trinchero et al., 2020a).13

Sparsely fractured crystalline rocks are often represented using Discrete Frac-14

ture Network (DFN) models, in which groundwater flow and transport are as-15

sumed to take place along a connected network of two-dimensional geometrical16

entities. DFNs are typically based on statistical descriptions of observable dis-17

tributions such as fracture traces in outcrops or drill-cores, whereby they may18

be characterized by a specificed fracture intensity (Dershowitz, 1984). Each19
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geometrical entity represents a single fracture and is characterised by its own20

flow, hydraulic and transport aperture. Despite being cornerstones for, e.g.,21

safety assessment studies of nuclear waste repositories in fractured rocks, and22

despite increasingly accessible computational power and efficient computer codes23

available, the deployment of DFN models for regional-scale reactive transport24

modelling is still computationally prohibitive. Thus, reactive transport models25

are routinely based on Equivalent Continuous Porous Media (ECPM) represen-26

tations of the fractured system (e.g. Wang et al., 2022a); i.e. continuum models27

based on heterogeneous distributions of permeability, storativity and porosity28

that somehow preserve the underlying fracture properties (Svensson, 2001a,b).29

Though the formulation of ECPM models has been widely assessed (e.g.30

Jackson et al., 2000), how to represent mass exchange processes between flow-31

ing fractures and the bordering rock matrix in ECPM models is still a largely32

unresolved issue that requires selecting numerical schemes and appropriate pa-33

rameterisation strategies. An aspect to be taken into account is computational34

efficiency since, depending on the chosen approach, the explicit consideration35

of the rock matrix might increase the total number of transport degrees of36

freedom by an order of magnitude, or more. Moreover, not all the available37

schemes of mass exchange are suited for the simulation of complex reactive38

transport phenomena defined by tens of primary and secondary species and by39

a number of primary and secondary minerals. The Multi-Rate Mass Transfer40

Model (Haggerty and Gorelick, 1995), which has been recently generalised to41

the solution of reactive problems (Wang et al., 2022b), is indeed a potentially42

appealing approach which however requires further testing and development43

since, to date, has only been applied to the simulation of simple physical and44

chemical systems and it has not been coded in parallel reactive transport codes.45

An alternative approach for the modelling of dual-porosity systems, which was46

formulated in the context of fluid and heat transport, is the so-called Multi-47

ple INteracting Continua (MINC) method Pruess (1985). MINC postulates a48

“sugar cube” model for a fractured-porous reservoir, where discontinuous cubic49

matrix blocks are separated by fractures. MINC was later implemented in the50
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flow and reactive transport code TOUGHREACT (Xu et al., 2006). A very51

similar conceptual model is used in the so-called Dual Continuum Disconnected52

Matrix Model (DCDMM) (Lichtner, 2000), which is the basis for the multiple53

continuum module implemented into the high-performance reactive transport54

code PFLOTRAN (Hammond and Lichtner, 2010; Lichtner et al., 2013b). A55

significant difference between the two implementations is that in TOUGHRE-56

ACT primary and secondary continua are handled as a single system of equa-57

tions that is solved simultaneously whereas in PFLOTRAN the primary and58

secondary continua are solved separately by considering the secondary continua59

as a 1D system of equations. The latter is a significantly more computationally60

efficient approach (Lichtner and Karra, 2014; Iraola et al., 2019).61

In this paper we show that by honoring the local fracture density when pa-62

rameterising dual-continuum models, reactive transport can be efficiently simu-63

lated in fractured media using the DCDMM computational algorithm. We also64

demonstrate the use of this approach for simulating reactive transport in DFNs65

for large scale applications. A test case simulating transport between two con-66

secutive fractures is shown to illustrate the conceptual framework and to verify67

the numerical implementation. Two large-scale DFN-derived ECPM reactive68

transport models, one focused on describing radiogenic helium production and69

migration and the second related to low-pH buffering by calcite dissolution,70

are also presented and discussed. To the knowledge of the authors, the latter71

simulation, which includes more than three hundred million transport degrees72

of freedom and was run in the supercomputer JURECA for a simulation time73

frame of 10,000 y, is one of the largest subsurface reactive transport models ever74

formulated and solved at this level of detail.75

2. Mathematical development76

The modelling framework discussed in this work is related to the multiple77

continuum module implemented in PFLOTRAN (Lichtner et al., 2013a; Ham-78

mond et al., 2014; Lichtner and Karra, 2014).79
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In the dual-continuum (DC) approach used in this work, the total volume80

Vtot of the fractured system is split into primary continuum volume (fracture81

volume, VF ) and secondary continuum volume (Vm), and the following relation-82

ship holds83

Vtot = Vf + Vm. (1)

The equation can be re-written in terms of corresponding volume fractions84

of the two continua85

1 = ϵf + ϵm, (2)

where ϵ is the volume fraction and the sub-scripts f , m are for fracture and86

matrix continua, respectively.87

The representation of reactive chemical species follows the canonical form88

presented in Lichtner et al. (1996). If there are n reacting chemical species with89

nR aqueous reactions and neq
R aqueous equilibrium reactions, then the system90

can be simplified by splitting it into nc = n−neq
R components or primary species91

and neq
R remaining secondary species. The concentrations of primary species92

are obtained from mass balance conservation, whereas the concentrations of93

the secondary species are evaluated from the primary species concentrations94

using law of mass action. The total component concentrations, which are the95

conserved quantities, are defined as:96

Ψf,m
j = cj +

neq
r∑

i=1

νeqji ci, (3)

here j indicates the primary species, the sum is performed over the neq
r sec-97

ondary species with stoichiometric coefficients νji and c indicating the respective98

molar concentrations. Notice that from now on super/sub-script f,m is used to99

indicate that a quantity/operator applies to either the fracture (super/sub-script100

f) or the rock matrix (super/sub-script m).101
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The same set of aqueous and mineral reactions are assumed to occur in102

both primary and secondary continua. We refer to Lichtner and Karra (2014)103

and Iraola et al. (2019) for details on how aqueous and mineral reactions are104

re-casted in a canonical form. Assuming saturated flow conditions, the mass105

balance equations for the two continua take the form:106

∂

∂t

(
ϵfφfΨ

f
j

)
+∇ ·Ωf

j = −ϵf

ns∑
s=1

νjsI
f
s + ϵf

nr∑
r=neq

r +1

νkinjr Ifr + Sf −AfmFfm,

(4a)

∂

∂t

(
φmΨm

j

)
+∇ξ ·Ωm

j = −
ns∑
s=1

νjsI
m
s +

nr∑
r=neq

r +1

νkinjr Imr + Sm,

(4b)

107

where Ψf,m
j are the total concentrations of species j and φf,m are the porosi-108

ties of the two continua. Sf,m are source/sink terms and If,mr are the aqueous109

kinetic reaction rates, in the primary and secondary continua. The operators110

∇, ∇ξ are the gradient operators in the primary and secondary continua respec-111

tively, with ξ representing the secondary continuum space. The first term on the112

right hand side of the two equations includes the ns mineral kinetic reactions113

and If,ms are the mineral kinetic reaction rates, with respective stoichiometric114

coefficients νjs, which are defined as:115

If,ms = kf,ms af,ms

(
1−Kf,m

s Qf,m
s

)
ζf,ms , (5)

where kf,ms , af,ms are the kinetic rate constants and specific mineral sur-116

face areas in the primary and secondary continua, respectively. Kf,m
s are the117

equilibrium constants and Qf,m
s are the ion activity products given as:118

Qf,m
s =

∏
j

(
af,mj

)νf,m
js

. (6)

Eq. (6) is a function of the activities defined as the product of the species119

concentrations and their corresponding activity coefficients (aj = γjaj). The120
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equilibrium constant may vary with temperature and can thus, in principle,121

be different in the fracture and matrix continua. The factors ζf,ms take on122

the values one or zero depending on, whether the mineral is supersaturated or123

undersaturated and present in the control volume (ζf,ms = 1), or undersaturated124

but not present (ζf,ms = 0), and are calculated as follows:125

ζf,ms =

1, Kf,m
s Qf,m

s > 1 or ϕf,m
s > 0,

0, otherwise,

(7)

where ϕf,m
s are the mineral volume fractions in the primary and secondary126

continua. Changes in mineral volume fractions are calculated from the mineral127

balance equations128

∂ϕf,m
s

∂t
= V sI

f,m
s , (8)

where V s is the mineral molar volume.129

In Eq. (4a), the mass exchange between primary and secondary continuum130

is given by the term AfmFfm, where Ffm if the mass flux, while Afm is the131

fracture bulk specific surface area defined as the fracture-matrix interfacial area132

per bulk volume [m−1]. In fractured media, Afm is equal to twice the statistical133

parameter P32 (Dershowitz, 1984). The latter is typically used to define fracture134

density in DFN modelling and is expressed as the fracture surface area per135

unit volume. It should be noticed that a factor of 2 is needed since transport136

simulations and the related parameters explicitly acknowledge the existence of137

two surfaces, separated by the fracture volume, whereas DFN statistics treat138

fractures as planar entities.139

Mass fluxes (Ωf,m) are evaluated as:140

Ωf
j = qfΨf

j − ϵfφfD
f∇Ψf

j , (9a)

Ωm
j = −φmDm∇ξΨ

m
j , (9b)

141
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where Df is the hydrodynamic dispersion tensor in the fracture, Dm is the142

pore diffusion coefficient in the matrix and qf is the water volumetric flux in143

the fracture calculated using Darcy’s model:144

qf = −kfkr
µ

∇
(
pf − ρgz

)
, (10)

where kf is the fracture saturated permeability, kr is the relative permeabil-145

ity, µ is the viscosity of water, pf is the pore pressure of water in the fracture146

continuum, ρ is the water density, g is gravitational acceleration and z is the147

elevation. Notice that Dm in Eq. (9b) accounts for the constrictivity and tortu-148

osity of the rock matrix and thus is typically one to several orders of magnitude149

lower than molecular diffusion in water.150

The following boundary conditions are set on the secondary continuum:151

Ψm
j (ξ = 0, t;x) = Ψf

j (x, t) , (11a)

∇ξΨ
m
j · n (ξ = ∆m, t;x) = 0, (11b)

where x is a point in fracture continuum, t is time, ξ = 0 is the interface152

between fracture and matrix and ∆m is the matrix length. Eq. (11a) implies153

continuity at the fracture-matrix interface whereas Eq. (11b) assumes that there154

is symmetry in the fracture-matrix system and 2∆m is typically considered as155

the fracture spacing. Appropriate initial conditions for concentrations, that156

need not be identical, are prescribed in both continua. Notice that these initial157

and boundary conditions are imposed by the DCDMM formulation.158

The primary and secondary continua are linked through the mass exchange159

flux term:160

Ffm (x, t) = Ωm · n (ξ = 0, t;x) . (12)

In PFLOTRAN, the primary and secondary continuum mass balance partial161

differential equations in Eq. (4) are discretized using a two-point flux finite162
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volume method in space and using backward Euler scheme resulting in a set of163

equivalent non-linear algebraic equations.164

The system of partial differential equations (Eq. (4)) implies that the dif-165

fusive mass flux exchange term depends only on the given primary continuum166

grid cell concentration and its corresponding secondary continuum concentra-167

tion, whereas it does not depend on other primary/secondary continuum grid168

cells. The DCDMM is particularly efficient since the boundary condition for169

the governing equation of the secondary continuum is only a function of the170

concentration at the primary grid cell that it belongs to. This implies that the171

primary and secondary continua are fully implicitly coupled, but the secondary172

continua are only solved in 1D. This coupling leads to an embarrassingly parallel173

system of equations for the secondary continuum.174

Concentrations of primary species are obtained by solving for mass conser-175

vation for the components (Eq. (4)). Concentrations of secondary species are176

then retrieved from the law of mass action for the equilibrium equations:177

Ki =
ai∏nc

j=1 (aj)
νeq
ji

. (13)

3. Parameterisation of DFN-based ECPM reactive transport models178

There are different techniques that can be used to formulate equivalent per-179

meability and porosity values for DFN-based ECPM models. Some of these180

techniques consist in performing local-scale flow and tracer experiments and181

from those deriving equivalent permeability tensors and porosity values (Jack-182

son et al., 2000). Other approaches formulate these properties based on pure183

geometric considerations (Svensson, 2001a; McKenna and Reeves, 2006). The184

way how ECPM parameters are defined is not central to this work; thus a dis-185

cussion on pros and cons of these different approaches is out of the scope of186

this study. Here, we will simply illustrate the derivation of permeability and187

porosity values in geometric-based methods and we use the related equations188

as the basis for the formulation of a DFN-consistent parameterisation of mass-189
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exchange processes. It is worthwhile noting that the proposed formulation is190

generic and can be used in any DFN-based ECPM model, irrespective of the191

way how ECPM parameters are defined.192

The equivalent permeability of the j-th grid block (keqj [m2]) is computed193

as:194

keqj =
2

3d

N∑
i=1

b3i , (14)

where the sum is over the N fracture intersecting the current grid block, bi195

[m] is the half aperture of the i-th fracture and d [m] is the fracture spacing,196

which is typically set equal to the grid size (∆j [m]) divided by N . Some numer-197

ical codes based on the finite volume method compute fracture intersections at198

cell sides, thus allowing for anisotropy to be properly captured. In some other199

formulations, anisotropy is explicitly accounted for by means of a full perme-200

ability tensor (Hadgu et al., 2017). Regardless of the method used to represent201

permeability, kinematic porosity is defined as202

ϵfj =
2
∑N

i=1 Ai∩jbi
Vbj

, (15)

where Ai∩j [m
2] is the surface area of fracture i that intersects grid cell j and203

Vb [m
3] is the bulk volume of the considered grid cell. In transport applications,204

2Ai∩j is denoted as flow-wetted surface area (Moreno and Neretnieks, 1993) and205

is a key parameter controlling mass transfer between the flowing fracture and206

the bordering rock matrix. Notice that this definition of ϵ is consistent with207

that of fracture volume fraction defined in Eq. (2).208

The dual-continuum framework presented in section 2 is defined by parame-209

ters that are a function of the underlying fracture-matrix system. Some of these210

parameters, such as pore diffusivity (Dm) and matrix porosity (φm), depend211

on characteristics of the rock matrix and can be determined in the laboratory212

by means of e.g. water saturation method and through diffusion experiments213

(e.g. Trinchero et al., 2020b, and references therein). The other three param-214

eters within the dual-continuum framework are dependent on the geometry of215
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the fracture network and the related fracture characteristics namely the frac-216

ture volume fraction (ϵf ; Eq. (2)), the fracture bulk specific surface area (Afm;217

Eq. (4a)) and the matrix length (∆m; Eq. (11b)). It turns out that a proper218

parameterisation of a dual-continuum ECPM model should be carried out in a219

way consistent with the underlying DFN model, which is what we do next.220

The fracture volume fraction has already been derived in Eq. (15) whereas221

the bulk specific fracture surface area is related to the local P32:222

Afmj
=

2
∑N

i=1 Ai∩j

Vbj

= 2 · P32. (16)

To derive a DFN-consistent value of matrix thickness, we assume that each223

grid cell of the continuum model is represented as a system of parallel planar224

fractures. This conceptualisation implies that matrix length is the inverse of225

the fracture specific surface area:226

∆mj
=

1− ϵfj
Afmj

≈ 1

Afmj

=
1

2 · P32
. (17)

Notice that the matrix length is the distance of any point in the fracture227

from the no mass-flux boundary in the bordering matrix (Eq. 11b). For the228

parallel fractures model used here, the matrix length is equal to the fracture229

half spacing.230

The flowchart of Figure 1) shows the different steps, along with the compan-231

ion supporting information, required for the implementation and deployment of232

reactive transport models for the long term analysis of deep geological reposito-233

ries built in fracture crystalline rock. A DFN model is first built upon a fracture234

recipe that honours the observed fractured statistics (obtained from e.g. outcrop235

analysis, core logging, etc.) (step I). Site specific scaling laws relating e.g. frac-236

ture transmissivity to fracture size, are formulated based on the calibration of237

in-situ hydraulic and tracer tests (step II). The upscaling of the DFN to ECPM238

(step III) and the parameterisation of the dual-continuum model (IV) are car-239

ried out according to the methodology described in this section. The last step240

(step V) involves setting up the reactive transport model using both informa-241

tion from site characterisation (e.g. fracture filling mineral abundance, current242
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groundwater composition) and results from companion models (e.g. climate243

models, landscape models, etc.). This flowchart is here showed with illustrative244

purposes only. Models are in fact fit-for-purpose and thus different steps can245

be followed for their implementation. No matter what these steps are, if a con-246

tinuum approach is to be used, steps III and IV are deemed to be generic and247

thus can be used for any other application at hand.248

4. Model verification249

The DCDMM included in the standard release version of PFLOTRAN has250

limited flexibility in terms of model parameterisation, as fracture-matrix param-251

eters are assumed to be constant across the whole model domain. Therefore,252

the numerical implementation of the proposed conceptual framework (sections 2253

to 3) has required the development of a customised PFLOTRAN version, which254

allows grid-cell based values of ϵf and ∆m to be accommodated using external255

hdf5 files. Notice that, as already discussed, Afmj
is inversely dependent on256

matrix thickness. In this section, the robustness of the conceptual framework257

as well as the correct implementation of the DCDMM are verified by solving a258

simplified exercise based on transport along two consecutive fractures. Results259

are compared with an independent solution.260

In sparsely fractured media, solute transport is typically assumed to oc-261

cur along a network of inter-connected fracture segments, where each segment262

is characterised by its own fracture aperture and groundwater residence time263

(Trinchero et al., 2020a). Using this conceptualisation, in this verification ex-264

ercise two consecutive intersecting fracture segments are considered, and a hy-265

draulic gradient is applied between the inlet boundary of the upstream fracture266

(UF) and the outlet boundary of the downstream fracture (DF). The fracture-267

matrix system is initially tracer free and a Dirichlet boundary condition is used268

to set a constant tracer concentration at the inlet of the UF. The considered269

solute is non-sorbing and non-decaying. The DF is characterised by a wider270

aperture (bDF = 2bUF ) and the two fractures are mapped into an ECPM using271
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Eq. (14) and (15). It is assumed that both fractures see the same extent of rock272

matrix (∆UF
m = ∆DF

m ) thus kDF
eq = 8kUF

eq and ϵDF
eq ≈ 2ϵUF

eq . The parameters of273

the fracture-matrix system are summarised in Table 1, whereas the correspond-274

ing parameters of the ECPM and related boundary conditions are listed in Table275

2. These continuum-based models were built and solved using PFLOTRAN.276

The average permeability of the whole system is given by the harmonic mean:277

k =
2kUF

eq kDF
eq

kUF
eq + kDF

eq

. (18)

Notice that this average permeability is here only used to compute the av-278

erage groundwater travel time, which is equal to τ = 1.76 · 10−2 y.279

The results of the PFLOTRAN calculation are here compared to the ana-280

lytical solution developed by Sudicky and Frind (1982) (Sudicky’s solution, for281

the sake of brevity). Sudicky’s solution is based on a system of parallel homoge-282

neous fractures. However, it can be easily extended to account for longitudinal283

changes in aperture and velocity by using the convolution theorem in Laplace284

space (see Appendix A for further details). The flow-related parameters used285

for Sudicky’s solution are listed in Table 3. The others parameters used for the286

Sudicky’s solution are the same as listed in Table 1. An additional continuum-287

based PFLOTRAN simulation was carried out in which matrix diffusion was288

not considered. In all the models a continuous injection of a conservative tracer289

is simulated.290

Breakthrough curves showing the computed normalised concentration at the291

fracture outlet (C/C0) are shown in Figure 2 top. From the logarithmic plot292

of 1 − C/C0 (Figure 2 bottom) it can be noticed that all the breakthrough293

curves display the expected -0.5 late-time slope except for the simulation without294

matrix that has no tail. The agreement between the dual-continuum ECPM295

model and the Sudicky’s solution is very good. A small dispersion has been used296

in the latter (Table 3) to account for the small numerical dispersion introduced297

by PFLOTRAN. This good agreement confirms the correct implementation of298

the cell-based parameterisation of the dual-continuum model of PFLOTRAN299
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and supports the parameterisation approach proposed in section 3. It is worth300

noting that, except for the simulation without matrix diffusion, all the other301

solutions display the same height of the tail. As shown by Trinchero et al.302

(2020b), the height of the tail depends on the product of a material parameter303

group (see Appendix A and Eq. A.4) and a flow-related parameter called304

transport resistance, which is defined as the ratio between the groundwater305

travel time and the fracture half aperture (β = τ/b) (Cvetkovic et al., 1999).306

All the considered models, including the two homogeneous cases, have the same307

material parameter group and also the same transport resistance, since the wider308

aperture of the DF compensates its longer groundwater travel time. It is also309

worthwhile noting that late-time tails are not affected by matrix limitation.310

This is because the considered time frame (0.1 y) is much shorter than the311

characteristic time needed by tracer front to reach the outer matrix boundary312

(tc = ∆2
m/Dm ∼ 3.2 y).313

An additional verification is presented in Appendix B, where the results314

computed using the DCDMM are compared with calculations performed using315

the time-domain random walk computer code MARFA (Painter et al., 2008;316

Painter and Mancillas, 2013; Trinchero et al., 2020a).317

5. Large-scale applications318

Here, we use the conceptual and numerical framework presented in sections319

2 to 3 to show and discuss the results of two large-scale applications. The320

scope of these two application cases is illustrative, i.e. we aim here at showing321

how the proposed parameterisation approach can be employed in large-scale322

modelling. The presented numerical framework can be applied to a broad range323

of problems; therefore we have considered here two different scenarios. The first324

application case assesses the production and migration of radiogenic helium.325

The analysis of helium levels is often used for groundwater age dating in the326

context of safety assessment studies for deep geological repositories of nuclear327

waste. The second application deals with the infiltration of acidic water and328
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is a problem that is often found in the context of acid mine drainage. Since329

both applications are based on the same DFN and groundwater flow model, the330

model set-up is presented first.331

5.1. Model set-up332

The DFN model used for the two large-scale applications is loosely based333

on a DFN model developed for the Laxemar site in Sweden (Vidstrand et al.,334

2010). Laxemar was one of the two sites that were thoroughly characterised335

during the siting process for a deep geological repository for spent nuclear fuel336

in Sweden (the second site, Forsmark, was finally chosen as the site for the337

proposed repository). The Laxemar site is located on the Swedish east coast c.338

350 km south of Stockholm. The site is dominated by a geological unit known339

as the Transscandinavian Igneous Belt (TIB). The bedrock is characterised by340

intrusive rocks which have been subjected to repeated phases of brittle deforma-341

tion, under varying regional stress regimes, involving reactivation along earlier342

formed structures (Söderbäck, 2008). Compared to Forsmark, the Laxemar site343

is characterised by a higher fracture frequency (particularly at repository depth,344

∼ 400 m).345

The reason for using Laxemar is that the site was well studied during the346

siting process and as such the fracture recipe used here was formulated based on347

a comprehensive characterisation data-set; thus it is deemed to be representative348

of a real granitic rock system. The groundwater flow model used here should349

however be considered as synthetic.350

The DFN was generated using the computer code DarcyTools (Svensson and351

Follin, 2010; Svensson and Ferry, 2014). In DarcyTools stochastic fractures are352

generated according to the following equation:353

n =
I

a

[(
l + dl

lref

)a

−
(

l

lref

)a]
, (19)

where n is the number of fractures per unit volume, I [m−3] is the intensity,354

a [–] is the power law exponent and lref [m] is the reference length, which is here355
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set to 1 m here. Fracture orientation follows a Fisher distribution characterised356

by the following parameters:357

λ1 = − cos(90− tr) cos(pl)κ, (20a)

λ2 = − sin(90− tr) cos(pl)κ, (20b)

λ3 = − sin(pl)κ, (20c)

where tr and pl are the mean trend and mean plunge, respectively, and κ is358

the Fisher concentration.359

The following power-law relationship between fracture transmissivity (Tf360

[m2/s]) and fracture size (l [m]) is considered:361

log(Tf ) = log

[
aT

(
l

100

)bT
]
+ dTU [−0.5, 0.5] , (21)

where aT [m2/s] is the transmissivity of a fracture of size l = 100 m and362

bT [-] is the power-law exponent. U is the uniform distribution and dT [-] is a363

scaling factor.364

The parameters of this model are taken from the shallow part of the Hy-365

draulic Rock Domain (HRD) of the Laxemar model (Vidstrand et al., 2010) and366

are summarised in Tables 4 and 5.367

The considered model domain is a regular rectangular parallelepiped, with368

the opposite vertices located at (0.0;0.0;-128.0) and (1024.0;1024.0;0.0), with369

coordinates being expressed in meters. The DFN was upscaled into a structured370

grid of size ∆x = ∆y = 4 m and ∆z = 2 m, with a total number of 4,194,304371

grid cells. The geometric upscaling was performed using the method specified in372

Svensson (2001a). Figure 3 shows the resulting spatial distribution of fracture373

volume fraction (ϵf ) and Figure 4 shows the distribution of matrix length (∆m).374

The model input files generated by DarcyTools were imported into PFLOTRAN375

using a dedicated interface called iDP (Molinero et al., 2015).376

Some of the grid cells of the ECPM are not intersected by any fracture.377

These cells, which are denoted here as unfractured domain (to distinguish them378
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from the rock matrix that is part of the secondary overlapping continuum),379

are assigned a minimum value of permeability κ = 10−20m2, fracture volume380

fraction ϵf = 10−10 and a maximum matrix length equal to 4 m and are part of381

the numerical calculations. Sensitivity analyses carried out by deactivating the382

grid cells of the unfractured domain have shown that this part of the domain has383

a negligible effect on reactive transport across the flowing regions. The results384

of these sensitivity simulations are not included here for the sake of brevity.385

Constant hydraulic pressure was applied to two narrow regions in the up-386

permost face of the domain: p(0 : 10, y, 0) = pin and p(1014 : 1024, y, 0) = pout387

with pin−pout = 1000 Pa. The rest of the boundaries were considered as no-flow388

boundaries. The secondary overlapping continuum consists of 20 cells per each389

cell in the primary continuum. The synthetic parameters used in this model are390

summarised in Table 6.391

Fractured media are typically investigated by drilling deep boreholes. Since392

hydro-chemical measurements performed in open boreholes provide limited in-393

formation for site understanding, transmissive sections are typically identified394

by means of flowmeters and sampling campaigns are subsequently carried out395

in packed-off sections of a few meters length (SKB, 2013). To mimic this situa-396

tion, here four virtual boreholes have been postulated and are denoted according397

to their spatial location (US: upstream south, UN: upstream north, DS: down-398

stream south, DN: downstream north). The locations of the boreholes are shown399

in Figure 3. Each grid cell of a given borehole represents a packed-off section400

and simulation results are shown and analysed accordingly. Cells belonging to401

the unfractured domain are not included in the analyses.402

5.2. Application#1: Helium generation due to uranium and thorium decay403

Fractured crystalline rocks contain a certain amount of uranium- and thorium-404

bearing minerals which, due to radioactive decay, produce naturally occurring405

radionuclides. Some of these daughter nuclides are unstable (e.g. radium and406

radon) while some others (i.e. the end-member of a decay chain) are stable.407

Helium-4 is a stable non-sorbing and non-reactive isotope and is the direct prod-408
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uct of alpha-decay of the uranium and thorium decay series. Thus studying the409

production and migration of helium-4 is of particular interest for applications410

such as groundwater age dating (Torgersen, 1980; Bethke et al., 1999; Bethke411

and Johnson, 2008; Trinchero et al., 2019a; Trinchero and Iraola, 2020).412

In this application, we use the model developed in section 5.1 to simulate413

the production of helium-4 in the rock matrix, its diffusion into the adjacent414

flowing fractures and its advection-driven transport.415

In the simulation, besides helium, a conservative non-sorbing species was416

also included. Helium-4 free water was assumed to infiltrate through the inlet417

boundary. To keep track of conservative transport patterns, the conservative418

tracer was added to the infiltrating boundary water. Overall, the simulation419

consists of 4,194,304 x 21 x 2= 176,160,768 transport degrees of freedom. The420

calculation was carried out in the supercomputer JURECA of the Jülich Super-421

computing Centre (Jülich Supercomputing Centre, 2018) using 680 processor422

cores for a total of 100,000 years of simulation time. A total of approximately423

195,000 h of supercomputing allocation time was consumed. Besides the use of424

such a large-scale supercomputing facility, this very large simulation was feasible425

also thanks to the afore-discussed remarkable efficiency of the DCDMM.426

To analyse the effect of matrix diffusion on the transport and retention of427

the conservative tracer, an additional calculation was carried out where the428

secondary continuum was not included. The results of the two calculations are429

shown in Figure 5, in form of snapshots of concentration distribution at time430

1,000 y and 10,000 y. The tracer infiltrates and is primarily transported along431

transmissive fractures and later reaches less conductive zones of the primary432

continuum. For the simulation without matrix diffusion, after 100 y the tracer433

has reached the outlet boundary, and after 1,000 y it has reached most of the434

domain. In the model, matrix diffusion has a significant effect on the retardation435

of the tracer penetration and after 10,000 y the solute has reached only few of436

the cells at the outlet boundary.437

Breakthrough curves of helium concentration in four randomly selected packed-438

off sections of the boreholes are shown in Figure 6. The four packed-off sections439
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show a similar behaviour, with helium concentrations increasing until reaching440

a steady-state value. The time needed to reach this steady-state value is con-441

siderably long due to diffusion limitations. The plateau value reached by each442

breakthrough curve is directly proportional to the groundwater travel time, from443

the inlet, and inversely proportional to the fracture volume fraction (Trinchero444

et al., 2019a). The dependence with travel time explains why higher concentra-445

tions of helium are generally observed for the sections located in the downstream446

boreholes. Variability between sections located at the same distance from the447

inlet boundary are due to the high heterogeneity of the fractured medium, which448

leads to tortuos and complex infiltration pathways.449

Figure 7 mimics a typical set of data available from hydrogeochemical in-450

vestigations of fractured crystalline bedrock for siting of a spent nuclear fuel451

repository, where groundwater samples are taken from hydraulically isolated452

transmissive sections of available boreholes. Related hydrogeochemical measure-453

ments (in this case values of helium concentration computed at time t=1 ·105 y)454

can be plotted against the measured values of permeability of the given packed-455

off sections or their depth. The results of this study indicate that the two456

downstream boreholes generally see higher helium concentration values because457

they are located further away from the inlet boundary. The results do not show458

any clear long-range correlation of concentration with permeability or depth.459

This is not surprising since helium concentration measurements are non-local:460

they depend on the history of the analysed groundwater sample since it has461

entered the subsurface (Trinchero et al., 2019a). This means that the measured462

helium concentration not only depends on the local value of permeability but463

also on its hydraulic connectivity with the inlet boundary. Helium data show464

a certain short-range correlation with depth. This is also not surprising since465

nearby sections are more likely to be affected by similar infiltration pathways.466

However, the significant heterogeneity of the medium is evident from the set of467

measurements of DN, where high concentration values (5·10−4 mol/L) are found468

at 83 m depth while distinctively lower values (1.6 · 10−4 mol/L) are found in a469

nearby section below (91 m depth). DS shows an opposite behaviour with very470
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similar concentration values observed along the entire depth, which indicates471

that the entire borehole is affected by similar infiltration patterns.472

5.3. Application#2: buffering of low pH water by calcite dissolution473

The geochemical processes considered in the second application case are474

based on the benchmark problem presented in Iraola et al. (2019) for a single475

fracture-matrix system. Calcite is assumed to be initially present in the matrix476

(ϕm
calc = 1 · 10−5) and absent in the fracture (ϕf

calc = 0), and calcite dissolution477

follows the reaction:478

CaCO3 +H+ ⇀↽ Ca2+ +HCO−
3 , (22)

with equilibrium constant logKf
s = logKm

s = 1.85. The system is fully479

defined by the three primary species and the mineral phase of Eq. (22) and480

secondary species (aqueous complexes) are not included in the model. The481

calcite kinetic rate was set equal to 1.0 ·10−6 mol/m2s (Jordan and Rammensee,482

1998) and a calcite specific surface area of 1 m2/m3 was used.483

The system (i.e. both primary and secondary continua) is initially filled with484

a slightly alkaline water (pH=8) in equilibrium with calcite (resident water in485

Table 7) whereas a slightly acidic and calcite undersaturated water (boundary486

water in Table 7) infiltrates through the inlet boundary. The model param-487

eterisation (e.g. permeability, fracture volume fraction, fracture length, flow488

boundary conditions, etc.) is the same as used in application#1.489

Conceptually, the infiltration of acidic water from the inlet boundary brings490

acidity into the system, first through the flowing fractures, which are represented491

by the primary continuum. Acidity later diffuses into the rock matrix due to the492

existing chemical gradient between resident and boundary water. Thus, matrix493

diffusion represents a sink term for the acidity. In the absence of geochemical494

reactions, this sink term would progressively vanish once the pore water in the495

matrix is equilibrated with the fracture-filling water. In practice, close to the496

inlet boundary these coupled diffusive processes lead to calcite under-saturation497

in the rock matrix bordering the fractures where Eq. (22) proceeds from the498
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left to the right. The consumption of acidity maintains the chemical gradient499

and the related sink term in the primary continuum. Significant changes in this500

system are expected to occur only when calcite is progressively depleted.501

The PFLOTRAN calculation was carried out in the supercomputer JU-502

RECA (Jülich Supercomputing Centre, 2018) of the Jülich Supercomputing503

Centre and the simulation time frame was 10,000 years. The model discretisa-504

tion is the same as described in section 5.1 and used in application#1, with the505

difference that here four primary species are included, which implies that the506

simulation involves a total of 352,321,536 transport degrees of freedom. The507

simulation was run using 680 processor cores and a total of 490,000 hours of508

supercomputing time was used.509

Snapshots of pH computed at 100 y and 10,000 y are shown in Figure 8. For510

visualisation purposes, here only cells with ϵf > 10−6 are shown. Low pH water511

is only found in close proximity to the inlet boundary and a modest additional512

penetration is seen from 100 y to 10,000 y, which clearly indicates that acidity is513

strongly buffered by matrix diffusion and the related calcite dissolution processes514

in the rock matrix.515

A detailed analysis of the chemical profiles in the rock matrix was performed516

considering a section of borehole B5 (Figure 3), which is located close to the517

inlet boundary. The considered section is at depth −45 m. The profiles of518

tracer concentration are shown in Figure 9 whereas the profiles of calcium,519

bicarbonate, pH and calcite consumption are shown in Figure 10. For all the520

considered species and geochemical variables profiles are shown at time 1,000 y521

and 10,000 y.522

From Figure 9 it can be seen that, at the end of the simulation, the rock523

matrix is close to equilibrium with the inflowing bourdary water that contains524

the tracer. This is not surprising since the chosen section is located close to the525

inlet boundary and the chosen tracer behaves as a non-sorbing non-decaying526

species.527

The analysis of the reactive system (Figure 10) shows that, in the considered528

borehole section, after 1,000 y calcite is modestly depleted in a narrow fringe529
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close to the fracture-matrix interface. Calcite dissolution leads to an increase of530

calcium and bicarbonate concentrations that diffuse beyond the reaction front.531

Very modest changes in pH are observed as a result of calcite buffering. At the532

end of the simulation (10,000 y), calcite is completely depleted in the first few533

millimeters of the matrix, which explains the modest drop in pH, calcium and534

bicarbonate concentrations behind the reaction front.535

The penetration depth of the reaction front at the end of the simulation is536

very limited and this is related to diffusion limitations, which are confirmed by537

an analysis of the related Damköhler number (Lichtner and Kang, 2007):538

DaII =

√
Ksasl2c

ϕmDmC0
. (23)

Here the characteristic length has been set approximately equal to penetra-539

tion depth (lc = 1.0 ·10−2 m) and C0 is set equal to the calcium concentration in540

the resident water (Table 7). These parameters give DaII = 13.8 which further541

confirms that the reaction front in the rock matrix is diffusion controlled.542

6. Discussion and conclusions543

We have presented a conceptual framework for the parameterisation of DFN-544

based ECPM reactive transport models of fractured media and discussed its nu-545

merical deployment using the existing massively parallel code PFLOTRAN. The546

framework is suited for geological media displaying a dual-porosity behaviour;547

i.e. systems where groundwater flow occurs in a sparse network of connected548

fractures whereas the bordering rock matrix is accessible by dissolved solutes549

through molecular diffusion only. The study leads to the following general con-550

clusions and recommendations:551

1. Evidence from natural analogues studies (Chapman et al., 1991; Nord-552

strom et al., 1992; Romero et al., 1992; Cramer and Smellie, 1994; Cera553

et al., 2002; Akagawa et al., 2006) and from lab and site investigation pro-554

grams (SKB, 2010; Poteri et al., 2017a,b) has pointed out that in sparsely555
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fractured media, the rock matrix plays a key role for the retardation of556

harmful contaminants, such as radionuclides, and is also an important557

geochemical buffer against possible perturbations, such as the infiltration558

of acidic water from the surface.559

2. Continuum-based ECPM representations of the fractured media are nu-560

merically appealing formulations for reactive transport modelling.561

3. Given 1) and 2), ECPM models must explicitly account for mass-exchange562

between the flowing fractures and the rock matrix as well as for geochem-563

ical reactions in both regions.564

4. Given 3), the Dual Continuum Disconnected Matrix Model (DCDMM)565

is an appealing approach for large-scale reactive transport modelling in566

fractured media, since the secondary continuum solve is embarassingly567

parallel.568

5. Given 3), the parameterisation of the DCDMM needs to be consistent569

with the underlying statistics of the fractured medium, which are typically570

formalised into a Discrete Fracture Network model. This consistency is571

here ensured by preserving the local fracture volume fraction and fracture572

bulk specific surface area573

A verification exercise, based on two consecutive fracture segments, has been574

used to check both the conceptual robustness of the parameterisation approach575

and the proper implementation of the parameterisation strategy in the chosen576

numerical code. Demonstrative simulations carried out using PFLOTRAN in577

the super-computer JURECA have shown the suitability of the proposed ap-578

proach for large-scale reactive transport modelling in sparsely fractured rocks.579

A simplification of the presented large-scale models is that both geochemical580

reactions and transport properties are assumed to be constant through the entire581

rock matrix. In real fractured systems, the matrix bordering a flowing fracture582

might have experienced significant alteration and this might have enhanced583

or decreased diffusive mass exchanges (e.g. Wogelius et al., 2020). Moreover,584

geochemical reactions depend on the availability of relevant minerals, which585
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might be sparsely available across the rock matrix (Trinchero et al., 2019b). In586

summary, both matrix and fracture internal heterogeneity might have an impact587

on the hydrogeochemical evolution of a fractured system. This impact should be588

addressed quantitatively using fit-for-purpose numerical models, which might in589

pronciple be based on the DCDMM formulation presented here.590
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Poços de Caldas, Minas Gerais, Brazil. Journal of Geochemical Exploration719

45, 249–287.720

Painter, S., Cvetkovic, V., Mancillas, J., Pensado, O., 2008. Time domain721

particle tracking methods for simulating transport with retention and first-722

order transformation. Water Resources Research 44(1), W014061.723

28

https://www.degruyter.com/view/title/537284
https://www.degruyter.com/view/title/537284
https://www.degruyter.com/view/title/537284
http://dx.doi.org/https://doi.org/10.1515/9781501509797
http://www.sciencedirect.com/science/article/pii/0169772293900503
http://www.sciencedirect.com/science/article/pii/0169772293900503
http://www.sciencedirect.com/science/article/pii/0169772293900503
http://dx.doi.org/https://doi.org/10.1016/0169-7722(93)90050-3
http://dx.doi.org/https://doi.org/10.1016/0169-7722(93)90050-3
http://dx.doi.org/https://doi.org/10.1016/0169-7722(93)90050-3


Painter, S., Mancillas, J., 2013. MARFA user’s manual: Migration analysis724

of radionuclides in the far field. Technical Report POSIVA Working Report725

2013-01. Posiva Oy, Helsinki, Finland.726

Poteri, A., Andersson, O., Nilsson, K., Byeg̊ard, J., Sk̊alberg, M., Siitari-727

Kauppi, M., Helariutta, K., Voutilainen, M., Kekäläinen, P., 2017a. The728
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Symbol Quantity Value Unit

bUF

Half fracture aperture
1.58 · 10−3

m
bDF 3.16 · 10−3

∆m Half fracture spacing 9.80 · 10−2 m

L Length of each fracture 0.25 m

φm Matrix porosity 1.0 · 10−2 -

Df Fracture diffusion coefficient 1.0 · 10−9 m2/s

Dm Matrix pore diffusion coefficient 1.0 · 10−10 m2/s

Table 1: Parameters of the Verification Exercise. Super-scripts UF and DF indicate, respec-

tively, the upstream and downstream fractures.

Symbol Quantity Value Unit

ϵUF

Fracture volume fraction
1.59 · 10−2

-
ϵDF 3.18 · 10−2

kUF
eq

Permeability
3.35 · 10−9

m2

kDF
eq 2.68 · 10−8

µ Dynamic viscosity 8.89 · 10−4 Pa·s
dp
dx Hydraulic gradient 3.2 · 10−3 Pa/m

Table 2: Verification exercise. Parameters of the ECPM dual-continuum model used for the

TC. Super-scripts UF and DF indicate, respectively, the upstream and downstream fractures.

The hydraulic gradient is from inlet to outlet fracture boundary.
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Symbol Quantity Value Unit

τUF

Groundwater travel time
5.9 · 10−3

y
τDF 1.2 · 10−2

vUF

Groundwater velocity
42.4

m/y
vDF 20.8

α Longitudinal dispersivity 2.5 · 10−3 m

Table 3: Verification Exercise. Parameters used for the Sudicky’s solution.

Parameter Set 1 Set 2 Set 3 Set 4

Length interval [m] 15-1000

Intensity I [m−3] 5.0 · 10−2 8.0 · 10−2 6.1 · 10−2 1.3 · 10−1

Aperture [m] 1.0 · 10−4

Power law exponent a [-] -2.6 -2.5 -2.7 -2.7

λ1 [-] 4.0 -4.9 -7.7 0.8

λ2 [-] -8.7 -11.0 0.02 0.8

λ3 [-] -0.6 -0.3 -1.1 -12.0

Table 4: Parameters of the DFN used in the large-scale applications (adapted from Vidstrand

et al. (2010)).

Parameter Set 1 Set 2 Set 3 Set 4

aT [m2/s] 4.5 · 10−7 2.2 · 10−6 2.2 · 10−6 2.5 · 10−6

bT [-] 0.5 0.6 0.6 0.7

dT [-] 0.8 1.4 1.0 1.4

Table 5: Coefficients of the power-law function used to generate fracture transmissivity in the

large-scale applications (Eq. (21)) (adapted from Vidstrand et al. (2010)).
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Symbol Quantity Value Unit

ϕm Matrix porosity 1.0 · 10−2 -

Dm Matrix pore diffusion coefficient 1.0 · 10−10 m2/s

Sm Helium-4 bulk production rate∗ 1.6 · 10−15 mol / m3 s

Table 6: Parameters of the secondary continuum (rock matrix) used in the synthetic large-

scale applications. The asterisk identifies the parameter that is used only in application#1.

Species Boundary water [mol/L] Resident water [mol/L]

H+ 1.0 · 10−5 1.0 · 10−8

HCO−
3 1.0 · 10−3 1.7 · 10−3

Ca2+ 1.0 · 10−6 5.2 · 10−4

Table 7: Composition of the resident and boundary water used in application#2. The initial

concentration of calcium of the resident water has been obtained by equilibrating with calcite

while the initial concentration of bicarbonate has been obtained by equilibrating with CO2

with a partial pressure of 1.0 · 10−3 bar.

I. DFN construction
(P10,P32,P33, genetic rules,…)

II. DFN parameterisation
(scaling aperture relationships,…)

III. ECPM upscaling
(keq, εf)

Outcrops, pilot borehols, 
core logging,...

Hydraulic and tracer tests

IV. DC parameterisation
(Δm)

V. RT modelRock and fracture filling 
characterisation

Climate models, landscape 
models,…

(flow and transport b.c.)

Figure 1: Flowchart showing the different steps required for the implementation and deploy-

ment of reactive transport models in the framework of long term safety assessment studies for

nuclear waste disposal in fractured crystalline rock. Blue boxes refer to supporting studies

or models from companion disciplines. These different acronyms are used: DFN (Discrete

Fracture Network), ECPM (Equivalent Continuos Porous Media), DC (Dual-Continuum), RT

(Reactive Transport).
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10 2 10 12 × 10 2 3 × 10 2 4 × 10 2 6 × 10 2

Time [y]
0.0

0.2

0.4

0.6

0.8

1.0

C/
C 0

UF DF

PFLOTRAN MD
PFLOTRAN no MD
Sudicky

10 2 10 12 × 10 2 3 × 10 2 4 × 10 2 6 × 10 2

Time [y]
10 3

10 2

10 1

100

1-
C/

C 0

UF DF

PFLOTRAN MD
PFLOTRAN no MD
Sudicky

Figure 2: Verification Exercise. Breakthrough curves computed at the outlet boundary of the

downstream fracture and shown on a (top) semi-log plot of normalised concentration (C/C0)

and (bottom) logaritmic plot of 1 − C/C0 to emphasise the long tail. The results of the

two PFLOTRAN models (with matrix diffusion, “PFLOTRAN MD”, and without matrix

diffusion, “PFLOTRAN no MD”) and the Sudicky’s solution are shown with, respectively,

continuous, dashed and dash-dotted lines. Two bounding solutions, which are plotted with

dotted lines, show the breakthrough curves at the outlet of a homogeneous fracture-segment

of length 0.5 m and with flow parameters (travel time and groundwater velocity) equal to

either the upstream or the downstream fracture (see Table 3)).
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Figure 3: Distribution of fracture volume fraction (ϵf ) for the large-scale model. The four

boreholes used in aplication#1 (UN, US, DN and DS) and the borehole used in application#2

are also shown.
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Figure 4: Distribution of matrix length for the large-scale model.

37



(a) (b)

(c) (d)

0.2

0.4

0.6

0.8

1.0

C/C0

x

y
z

Figure 5: Concentration of a conservative tracer at time 1,000 y (top row) and 10,000 y

(bottom row) for the model without ((a) and (c)) and with ((b) and (d)) matrix diffusion.

Only cells with c/c0 > 0.2 are shown.
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Figure 6: Helium brekthrough curves in four randomly selected packed-off sections. The

acronyms of the four boreholes are according to the notation in Figure 3. The depth of each

section is specified in the legend, with z=0 m being the location of the plane coinciding with

the upper boundary of the modelled domain.
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Figure 7: Helium concentration at the final simulation time (t=105 y) versus (a) local per-

mebility and (b) depth. Each dot represents a packed-off section of 2 m length. Only the

transmissive sections are represented (κ > 1 · 10−15 m2). The acronyms of the four boreholes

are according to the notation in Figure 3.
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Figure 8: Application #2: pH at (top) 100 y and (bottom) 10,000 y.
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Figure 9: Application #2: profiles of tracer concentration in the rock matrix computed at

1,000 y (continuos line) and 10,000 y (dashed line) in borehole B5 (Figure 3) at depth -45

meters. The concentration is normalised by the concentration in the inlet.
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Figure 10: Application #2: profiles of (top) pH (blue lines) and relative variation of calcite

volume fraction (red lines) and (bottom) bicarbonate (blue line) and calcium (red line) con-

centration in the rock matrix computed at 1,000 y (continuous lines) and 10,000 y (dashed

lines) in borehole B5 (Figure 3) at depth -45 meters.
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Appendix A. Semi-analytical solution for n consecutive fractures836

Sudicky and Frind (1982) developed an analytical solution for the problem of837

transient contaminant transport in a system of perfectly parallel fractures. The838

solution assumes that a constant concentration (c0) is prescribed at the inlet of839

the flowing fracture (Dirichlet boundary condition) and describes the evolution840

of resident concentration at any monitoring point of the fracture. Although the841

solution is provided in geometric ordinary space, it is much more convenient842

to use here the solution as derived in Laplace space. Thus, considering a non-843

decaying non-sorbing solute, the solution reads:844

c =
c0
s

· exp(ω) · exp(γ) (A.1)

where c is the Laplace transform of the resident concentration at the moni-845

toring point.846

The first term on the right-hand side of Eq. A.5 represents the Laplace847

transform of the Dirichlet boundary condition and s is the Laplace variable.848

The arguments of the two exponential functions are:849

ω =
τ

2 (α+Dm/v)
(A.2)

and850

γ = −ω

{
1 +

4 (Dm + αv)

v2

[√
sκ

b
tanh

(√
s

Dp
∆+ s

)]}1/2

(A.3)

where τ [y] is the groundwater travel time from the inlet to the monitoring851

point in the fracture, v [m/y] is the groundwater velocity, α [m] is the longitudi-852

nal dispersivity, Dm [m2/y] is the molecular diffusion coefficient in pure water,853

∆ [m] is the matrix length and κ is a material parameter group defined as:854

κ = φ
√

Dp (A.4)

where φ [-] is the matrix porosity and Dp [m2/y] is the pore diffusion coef-855

ficient in matrix.856

43



For n consecutive fractures, the breakthrough curve at the end of the n-th857

fracture can be computed as:858

c =
c0
s

· exp(ω1) · exp(γ1) · ... · exp(ωn) · exp(γn) (A.5)

The numerical inversion of the Laplace solution is here carried out using the859

De Hoog algorithm (De Hoog et al., 1982; Hollenbeck, 1998).860

Appendix B. Verification of the two-fractures model against MARFA861

The results of the PFLOTRAN calculation for the two fractures model (sec-862

tion 4) are here compared to a simulation carried out using the time-domain863

random walk computer code MARFA. The comparison was made in terms of864

mass flux (Ω [mol/y]) through the DF outlet normalised by mass flux at late865

times (Ω∞ = limt→∞ Ω(t)). For the PFLOTRAN model, mass fluxes where866

computed using Eq.9a.867

In MARFA, transport along a fracture is described by two hydrodynamic868

parameters: the groundwater travel time and the transport resistance; the latter869

is defined as (Cvetkovic et al., 1999):870

β(τ) =

∫ τ

0

dθ

b (θ)
, (B.1)

where b is the fracture half-aperture and θ is a dummy integration variable.871

Neglecting fracture internal variability in openings, the transport resistance re-872

duces to β = τ/b.873

The groundwater travel times of the two fracture segments as well as the874

longitudinal dispersivity used in the MARFA simulation are listed in Table 3,875

whereas the transport resistance was set equal to 3.72 y/m for both segments.876

Notice that βUF = βDF since the wider aperture of the DF compensates its877

longer groundwater travel time.878

The results of the comparison exercise are shown in Figure 3. The results of879

the dual-continuum ECPM model and the time-domain random walk simulation880

agree well. This provides a further verification of the DCDMM model.881
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Figure B.11: Verification Exercise. Breakthrough curves computed at the outlet boundary of

the downstream fracture and shown on a (top) semi-log plot of normalised mass flux (Ω/Ω∞)

and (bottom) logaritmic plot of 1 − Ω/Ω∞ to emphasise the long tail. The results of the

PFLOTRAN model (“PFLOTRAN MD” in the label) and the MARFA solution (“MARFA”)

are shown with, respectively, continuous and dashed lines.
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