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Abstract. The strong-interaction effects both in pionic hydrogen and deu-
terium atoms have been re-determined with improved precision. The hadronic
shift and width in pionic hydrogen together with the hadronic shift in pionic
deuterium constitute a one-fold constraint for the two independent pion-nucleon
scattering lengths. Furthermore, the hadronic width in pionic deuterium mea-
sures the transition strength of s-wave pions on an isoscalar nucleon-nucleon
pair which is an independent quantity not related to the pion-nucleon scatter-
ing lengths. The experiment was performed at the Paul Scherrer Institute by
stopping a high-intensity low-energy pion beam in gaseous targets using the
cyclotron trap. The X-rays emitted by the πH and πD atoms were analysed
with a high resolution Bragg spectrometer equipped with spherically bent crys-
tals. The pion-nucleon scattering lengths and other physical quantities extracted
from the atom data are in good agreement with the results obtained from pion-
nucleon and nucleon-nucleon scattering experiments and confirm that a consis-
tent picture is achieved for the low-energy pion-nucleon sector with respect to
the expectations of chiral perturbation theory.

1 Introduction

The pion-nucleon (πN) interaction at low energies plays a prominent role in the understand-
ing of the strong interaction. Hence, πN → πN reactions and the corresponding scattering
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lengths are of fundamental interest. Therefore, a comparison of the results from precision
experiments with advanced theoretical calculations is of great importance. The calculations
have been performed in the frame work of effective field theories like Chiral Perturbation
theory (χPT), which predict isospin-breaking effects to be of the order of a few per cent.

The experimental approach is achieved by means of high-resolution X-ray spectroscopy
of pionic hydrogen and deuterium atoms. Such atomic systems are formed when pions are
decelerated to kinetic energies corresponding to bound states in the Coulomb potential of a
nucleus. After capture, pions undergo an atomic de-excitation cascade, where in the last steps
emission of characteristic X-rays occurs. In the case of pionic hydrogen and deuterium, the
strong-interaction manifests as an energy shift ε1s and broadening Γ1s of the atomic ground
state 1s (fig. 1). Considering the energy regime of the atomic systems, the measurement of
ε1s and Γ1s constitutes a scattering experiment at threshold.

The hadronic effects are related in leading order to specific πN reactions. Where επH1s
is attributed to elastic scattering π−p → π−p, ΓπH1s is due to charge exchange π−n → π0n.
For επD1s , it is the coherent sum of π−p → π−p and π−n → π−n where, however, substantial
corrections because of 3-body effects must be taken into account.

In the limit of isospin conservation, all πN → πN reactions are completely determined by
only two independent real numbers, the scattering lengths corresponding to the isospin com-
binations I = 1/2 and 3/2 of the πN system. In the isospin basis, the scattering lengths
of the reaction channels read aπ−p→π−p =

1
3 (2a1/2 + a3/2), aπ−p→π0n = −

√
2

3 (a1/2 − a3/2),
and aπ+p→π+p = aπ−n→π−n = a3/2 leading to the so-called isospin tringle relation aπ−p→π−p −
aπ+p→π+p = −

√
2aπ−p→π0n. It is convenient to use also as the two independent quantities the

isoscalar and isovector scattering lengths given by a± ≡ (aπ−p→π−p ± aπ+p→π+p). The relations
of the various scattering lengths to επH1s , ΓπH1s , and επD1s are indicated in table 1.

In contrast hereto, ΓπD1s is not due to scattering but to true pion absorption πNN → NN by
an I = 0 nucleon-nucleon pair. Considering charge symmetry (π−d → nn⇔ π+d → pp) and
detailed balance (π+d → pp ⇔ pp → π+d), except for small isospin-breaking corrections,
all three reactions are described by the same transition matrix elements. Hence, the hadronic
width in πD directly yields the pion-production transition strength at threshold, denoted α,
when corrected for the radiative capture channels πNN → NNγ (tab. 1).

Figure 1. Scheme of low-lying atomic levels of muonic (µH) and pionic hydrogen (πH) and pionic deu-
terium (πD). Lyman transitions (n − 1) measured in this experiment are indicated. The sign convention
for the hadronic shift is ε ≡ EX − EQED, which corresponds to the change of the X-ray transition energy
EX compared to the pure electromagnetic value EQED.
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This paper recapitulates the final results of a long series of experiments [1] aiming at
the improved determination of the strong-interaction effects both in pionic hydrogen and
deuterium [2–8]. Concepts and recent theoretical efforts on low-energy πN scattering and
pionic hydrogen are reviewed in [9, 10]. Properties of low Z exotic atoms, experimental
methods, and the performance of the crystal spectrometer are outlined in [11, 12].

2 Experiment

In the case of muonic and pionic hydrogen, only X-rays from the K series (fig. 2 - left)
are accessible within this experimental scheme (fig. 4). High resolution and high statistics
measurements are confronted with various physical effects during the de-excitation cascade
and need highly advanced experimental methods.

2.1 Cascade effects

The upper part of the atomic cascade is dominated by non-radiative de-excitation collision-
induced reactions. Three different reactions must be considered in particular. At first, Stark
mixing leads to mixing of the angular momentum states when the exotic hydrogen atom
penetrates the Coulomb field of H atoms of the H2 molecules in the target [13]. The resulting
s-state admixture in the high-lying levels leads for pions to a significant reduction of X-ray
line yields because of nuclear reactions (fig. 2 - right).

Secondly, additional X-ray energy shifts, thus falsifying the result for the strong-
interaction shift ε, may occur due to molecular formation π−H+H2 → [(π−pp) · p]ee if
radiative de-excitation from molecular levels exists [14, 15].

Coulomb de-excitation is a non-radiative de-excitation step (n − n′), where the energy
is transferred into kinetic energy of the collision partners [19]. The competition of acceler-
ation by Coulomb de-excitation and deceleration by elastic and inelastic collisions leads to
a complex kinetic energy distribution at the time of X-ray emission. Advanced models like
the extended standard cascade model (ESCM) follow the development of the kinetic energy
distribution during de-excitation [20–23] (fig. 3 - left) which in turn required an update of
the corresponding collision cross sections [24–26]. The resulting Doppler broadening can be
demonstrated clearly in the line shape of the µH(3p − 1s) line (fig. 3 - right). The correction

Figure 2. Left: K series of pionic hydrogen measured with a fast read-out pnCCD [16]. Muonic X-
rays stem from decay muons stopped in H2 target. Right: K yields in pionic and muonic hydrogen as
calculated with the ESCM cascade model [17]. The data points are from [18].
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Figure 3. Left: theoretical prediction for the kinetic energy spectrum at the time of the emission of the
µH(3p − 1s) transition. Right: measured line shape of the µH(3p − 1s) transition using the silicon 111
reflection. The narrow structures inside the µH line display the two hyperfine transitions as given by the
spectrometer resolution only [7].

Figure 4. Set-up in the πE5 area at PSI for
the πH(4 − 1) [2] and the πD(3 − 1) line [5].
The Bragg crystal is mounted inside a
vacuum chamber (upper left) and connected
to the cyclotron trap (upper right) and the
CCD X-ray detector (lower left) by a
vacuum system to minimize absorption
losses. Bragg angles for the Si 111 reflection
are ΘB = 40.5◦ and 40.0◦, respectively. The
roof of the concrete shielding is not shown.

for the Doppler broadening is essential for a precise determination of the strong-interaction
broadening Γ.

2.2 Set-up

The energy shift ε1s is of the order of a few eV and the broadening Γ1s ≈ 1 eV, whereas the
(np − 1s) X-ray energies are around 3 keV (fig. 2 - left). The precise measurement of such
a small line broadening requires high-resolution devices like crystal spectrometers, which in
turn need strong X-ray sources. For this reason, precision results were not attainable before
high-intensity and low-energy pion beams became available.

In order to improve the quality of the results for the strong-interaction effects compared to
previous experiments [27–31], a specifically developed cyclotron trap [32] was used together
with a Johann-type spectrometer equipped with spherically bent Bragg crystals as well as a
large area array of charge-coupled devices (CCDs) [33]. The experiment benefited from a
4-fold higher beam intensity provided at the Paul Scherrer Institute (Villigen, Switzerland).
Statistics and peak-to-background ratio were improved by a factor of about 30 and 50 by
setting up a massive specially tailored concrete shielding, respectively.
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Figure 5. Left: medium Z fluorescence X-ray widths exceed the crystal resolution (rocking curve
width) due to the large Auger width. Middle: pionic atoms measurements provide narrow X-ray lines
but suffer from too low statistics for systematic crystal studies. Right: up to 10000 events per hour have
been recorded in M1 transitions of He-like medium Z atoms [34].

Only silicon and quartz crystals meet the requirements for the resolutions needed. Thin
polished slabs were spherically bent to radii of about Rc = 3 m by attaching them to glass
lenses of optical quality by adhesive forces only. Resolutions of 270 − 460 meV, which are
close to the theoretical limit, were achieved for the X-rays in the energy range of 2.2−3.1 keV.

The main obstacle to a precision determination of the hadronic broadening Γ1s is Doppler
broadening due to Coulomb de-excitation. Consequently, the ultimate knowledge of the spec-
trometer response function is of great importance and conventional methods to determine it
are marginal (fig. 5 - left and middle).

Here, the cyclotron trap offers the unique possibility for a new calibration method when
extended to operate as ECR source [35]. The ECR source yields narrow X-rays at high rates
from helium-like low Z elements like sulphur, chlorine, and argon which almost coincide in
energy with the pionic hydrogen and deuterium X-ray transitions (fig. 5 - right).

The kinetic energy distribution of the πH atoms develops during the atomic cascade and,
in addition as a collision-induced process, must be assumed to be density dependent. As a
result, the influence of the Doppler effect depends on the initial state np and the target density.
Also, the molecular formation rate scales with collision probability. A density dependence of
X-ray energies would demonstrate the appearance of X-ray emission from molecular states.

Therefore, three different ground-state transitions, πH(2p − 1s), πH(3p − 1s), and
πH(4p − 1s) (Kα, Kβ, and Kγ), have been measured at hydrogen densities between 3.9 bar
and liquid (LH2). Furthermore, the measured line shape is a convolution of spectrometer
response, Doppler broadening, and the Lorentzian representing the hadronic broadening. For
that reason, the measurement of the twin system µH offered the chance to study the Doppler
broadening without the hadronic contribution to the line width (fig. 3 - right).

3 Analysis

3.1 Hadronic shift

The Johann-type set-up of the crystal spectrometer requires a calibration line, preferentially as
close as possible in the Bragg angle of the corresponding πH line [12, 36]. For the πH(3p−1s)
transition, the energy of the πO(6h − 5g) line almost coincides (fig. 6). This line provides a
superior calibration standard compared to the fluorescence X-rays, because πO(6h − 5g) X-
rays originate from hydrogen-like pionic atoms, the energy levels of which can be calculated
to ± 7 meV, where about ± 6 meV are due to the uncertainty of the pion mass. No change
of the set-up is required between measurement and calibration except a gas exchange in the
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Figure 6. The energy calibration for the πH(3p − 1s) measurements were performed with X-rays from
fully stripped pionic oxygen using the πO(6h−5g) line [2]. For the πD(3p−1s) line, Ga Kα fluorescence
X-rays measured in 3rd order served as energy calibration [5].

target cell. At the lowest density, by using an O2/H2 gas mixture, both lines can be measured
simultaneously.

For the πH(2p − 1s), πH(4p − 1s), and πD(3p − 1s) transitions measured in this ex-
periment series [2, 5], fluorescence X-rays served as calibration standard as in previous ex-
periments [27–31]. Results for επH1s are in perfect agreement with the ones using the πO
calibration. The uncertainties of the energies of fluorescence X-rays, however, amount to
±(27 − 73) meV for the cases considered here.

No density dependence of X-ray energies was observed for either hydrogen and deu-
terium, i. e. X-ray emission from molecular orbits does not play any role for the accuracy of
the data given [2, 5].

Worthwhile to mention, that a discrepancy for επH1s between the new result [2] and previous
experiments disappears when readjusting the older values with a new calculation of the pure
electromagnetic transition energy [37].

3.2 Hadronic broadening

The analysis of the µH, πH, and πD line shapes uses a model for the kinetic energy dis-
tribution which reduces its complexity to a few prominent components [4–8]. The model
distribution consists always of a low-energy part which takes into account non accelerated or
already again decelerated atoms. Depending on the initial level of the X-ray emission, up to
three high-energy components were considered with the energies inspired by the fact that a
few dominant Coulomb transitions dominate the Doppler broadening.

The model line profiles LP = R⊗ L⊗ (∑i Di
)

are build up by the convolution of the spec-
trometer response R, the natural line with L which corresponds to Γ1s, and the components(∑

i Di
)

modelling the kinetic energy distribution.
Both a χ2 (frequentist) analysis and a Bayesian analysis were performed for pionic and

muonic hydrogen. The non-trivial model parameters of the analyses were Γ1s, the relative
intensities of the Doppler components Di, and the energies of the high-energetic components.

The use of a Bayesian approach for πH and µH was motivated by the case of pionic deu-
terium. There, the occurrence of a bias in a frequentist method [38], influencing the extracted
values for ΓπD1s , has been studied in detail [5]. Such a bias stems from the — principally un-
known — difference of the probability distribution of the data itself and the one assumed for
the model. An estimate for the bias of the parameter ΓπD1s was obtained by performing with the
model as used in the analysis a series of Monte-Carlo simulations to generate the X-ray line
shape and, after analysis, comparing input and output parameters. This lengthy procedure
may be circumvented by using Bayesian methods, which are supposed to be free from bias
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effects in parameter estimation [39]. Furthermore, comparing the results of the two analysis
methods establishes an independent consistency check.

Both the frequentist as well as the Bayesian analyses clearly show that a distinctive low-
energy component of the kinetic energy distribution exists containing about 2/3 of the total
intensity. As expected, it is impossible to resolve the complex structure of the kinetic en-
ergy spectrum at higher energies in the presence of a hadronic broadening with the data
given. However, it can be effectively modelled by one or two high-energy components and
the details of these components are not critical for the numerical result of ΓπH1s but limits the
accuracy to about 3%. To summarize the current situation one can assert that the theoreti-
cal prediction for the kinetic energy distributions and the experimental results do not show
any drastic inconsistencies. The weighted average for the strong-interaction effects over the
various transitions and target densities measured is given in table 1.

It is worth mentioning that in pionic deuterium no Doppler broadening due to Coulomb
de-excitation could be identified within the experimental uncertainties [5]. A theoretical ex-
planation for such behaviour has been provided recently by cascade theory [40].

Table 1. Results for the strong-interaction effects ε1s and Γ1s in pionic hydrogen and deuterium (in
meV) and their relation to πN scattering and absorption reactions as well as to the isoscalar and

isovector scattering length a+ and a− and the threshold pion production strength α.

επH1s ΓπH1s επD1s ΓπD1s

7085.8 ± 9.6 [2] 856 ± 27 [8] −2356 ± 31 [5] 1171+23
−49 [5]

π−p → π−p π−p → π0n π−p → π−p + π−n Γπ−d→ nn+nnγ

∝ (a+ + a−)+ ... ∝ (a−)2+ ... ∝ 2a++... α

3.3 Results

The three independent experimental results for the strong-interaction shifts in πH and πD
together with the hadronic broadening in πH yield a onefold constraint for any combination
of the two independent πN scattering length. As shown in fig. 7 - left, a consistent picture is
achieved by applying the corrections as worked out in the framework of χPT [10, 41, 42]. The
uncertainty for the scattering lengths as determined from the two shifts is mainly attributed to
the poor knowledge of LECs, whereas in the case of the hadronic broadening the experimental
error is about twice the one of the chiral corrections.

In addition to the scattering length of the reactions π−p → π−p and π−n → π0n, the
scattering length for the reaction π+p → π+p is accessible via the triangle relation applying
appropriate chiral corrections. Furthermore, the πN coupling constant g2

c/4π [43], the pion
photo-production strength at threshold Ethr

0+ [44], or the πN σ-term σπN [45] also are related
to the isoscalar and isovector scattering lengths. A comparison of the these quantities derived
from pionic-atom data and other sources is shown in fig. 8. In general, data from various
sources are highly consistent when analysed within the framework of χPT [42, 46, 47]. For
σπN , a discrepancy of about 20 MeV remains between the experiment based values [8, 47–49]
and lattice calculations [50–53] which, however, may be removed by including Nπ and Nππ
contributions [54].

The result for the pion-production strength α, extracted from the strong-interaction width
in πD, is compared to the results from pion-production experiments in fig. 7 - right. The
theoretical approach within the frame work of χPT suffers again from the scarce precision of
some LECs [57].
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Figure 7. Left: constraints (bands) and combined result (ellipse) for the isoscalar and isovector πN
scattering lengths ã+ and a− as derived from επH1s , επD1s , and ΓπH1s [8]. Right: comparison of results for
pion-production strength α at threshold on isoscalar NN pairs. The horizontal band represents the
precision of the most recent result for ΓπD1s [5].

Figure 8. Comparison of parameters derived from pionic hydrogen and deuterium strong-interaction
effects επH1s , επD1s , and ΓπH1s (× [2, 3, 5, 8]) and results from other sources (� higher Z pionic-atoms in
medium fit [49], � πN scattering analysis based on Roy-Steiner equations [48], • NN scattering [55], �
Photo production [56], + lattice calculations [50–53], +× lattice calculations including low-lying Nπ and
Nππ states [54]).

3.4 Conclusion and outlook

In summary, recent πH, πD, and low-energy πN scattering data are quantitatively consistent
when analysed within the framework of χPT. In view of the difficulties arising from the line-
shape corrections due to Coulomb de-excitation, future experiments should preferably use
X-ray transitions from higher np initial states where the Doppler broadening is expected to
be smaller. Since the accelerator currents improve continuously with time, measurements
with sufficient statistics for the (4 − 1) or even (5 − 1) transition will become feasible. In this
respect it is important to emphasize that the coverage of a sufficiently large energy interval
around the transition is essential to fix the background level on both sides of the line. In this
way, an accuracy of 1% or better can be achieved for the hadronic width of pionic hydrogen.
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Figure 7. Left: constraints (bands) and combined result (ellipse) for the isoscalar and isovector πN
scattering lengths ã+ and a− as derived from επH1s , επD1s , and ΓπH1s [8]. Right: comparison of results for
pion-production strength α at threshold on isoscalar NN pairs. The horizontal band represents the
precision of the most recent result for ΓπD1s [5].

Figure 8. Comparison of parameters derived from pionic hydrogen and deuterium strong-interaction
effects επH1s , επD1s , and ΓπH1s (× [2, 3, 5, 8]) and results from other sources (� higher Z pionic-atoms in
medium fit [49], � πN scattering analysis based on Roy-Steiner equations [48], • NN scattering [55], �
Photo production [56], + lattice calculations [50–53], +× lattice calculations including low-lying Nπ and
Nππ states [54]).

3.4 Conclusion and outlook

In summary, recent πH, πD, and low-energy πN scattering data are quantitatively consistent
when analysed within the framework of χPT. In view of the difficulties arising from the line-
shape corrections due to Coulomb de-excitation, future experiments should preferably use
X-ray transitions from higher np initial states where the Doppler broadening is expected to
be smaller. Since the accelerator currents improve continuously with time, measurements
with sufficient statistics for the (4 − 1) or even (5 − 1) transition will become feasible. In this
respect it is important to emphasize that the coverage of a sufficiently large energy interval
around the transition is essential to fix the background level on both sides of the line. In this
way, an accuracy of 1% or better can be achieved for the hadronic width of pionic hydrogen.
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